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Exercise 1: Minimum and maximum (5 points)

Let S = {x1,...,2,},n = 2,i € N,i > 1, be a set of natural numbers. We wish to deter-
mine the minimum and the maximum in S. How many comparisons are necessary in an
iterative approach? Describe the corresponding procedure and argue how many compari-
sons are required. Then, use the divide-and-conquer paradigm for developing an algorithm
that identifies both values using at most %n — 2 comparisons. Describe the algorithm in
words or in pseudocode and verify the number of comparisons by induction.

Exercise 2: Closest pair (5 points)
For the set S = {p1,p2, 3, P4, P5, 6, P7, ps} of points with

p1 = (3>4)ap2 = (77 9)>p3 = (278)7194 = (537)7

b5 = (1073)7p6 = (075>7p7 = (8,0),]78 = (77 2)

find a closest pair using the strategy discussed in the lectures. Specify all recursive calls of
mindist (), the corresponding results for 5, S, d;, d,-, the bounds d used in the respective
merge steps, as well as the closest pair and the corresponding distance for each call.

Exercise 3: Geometric divide-and-conquer (5 points)

Let a,...,h be some vertical line segments and A, ..., F' be some horizontal line segments
given by the corresponding left and right endpoints (i.e. denoted by A. and .A, respective-
ly). Furthermore, let S be the set of all vertical line segments and of all pairs of endpoints
of the horizontal line segments. Assume that all pairs of intersecting line segments should
be determined using the divide-and-conquer procedure. The divide step yields the parti-
tioning below. There is S = 51 U .Ss. Specify the output of the two calls ReportCuts (S7)
and ReportCuts(S3), the sets L(S1), L(S2), R(S1), R(S2), V(S1), V(S2), L(S), and R(S),
as well as the intersections identified in the merge step. By means of these sets, determine
the output of ReportCuts(S).

Notation: L(S) = {P|P.€ SA.P ¢ S}, R(S)={P|P.¢ SA.PeS}tand V(S)={pe S}
The intersection of a horizontal line segment P with a vertical line segment p is denoted as
the ordered pair (P, p). Therefore, the set ReportCuts(S) consists auf ordered pairs (P, p).
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Exercise 4: Roots of unity (5 points)

a) Determine all 8th roots of unity and illustrate them in the plane of complex numbers.
Write the roots of unity as a + b¢ with a,b € R.

b) Specify all primitive 8th roots of unity. Show that they are indeed primitive.

Hint: An nth root of unity w is primitive if w* # 1 for k= 1,--- ,n — 1. Thus, a primitive
root of unity w generates the group of nth roots of unity:

{Wh:0<k<n—1,keN} ={w wl - w1t}

Information on the course:

Students are eligible to participate in the final exam if they have
e completed 50 % of the exercises
e presented 1 exercise during the exercise sessions
The final grade will be upgraded by
e 1/3 grade if the student has achieved 50 % of the points attainable in the exercises
e 2/3 grade if the student has achieved 80 % of the points attainable in the exercises

The solutions to the exercises can be submitted in English as well as in German.



