
Algorithm Theory

02 - Polynomial Multiplication andy p
Fast Fourier Transform

Dr. Alexander Souza

Winter term 11/12



1. Polynomials

Real polynomial p in one variable x:Real polynomial p in one variable x:
p(x) = anxn + an-1xn-1 + ... +a1x1 + a0

a a ∈ R: coefficients of pa0 ,..., an ∈ R: coefficients of p
degree of p: highest power of x in p (= n)

Example:

p(x) = 3x3 – 15x2 + 18x

Set of all real polynomials: R[x]
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2. Operations on polynomials
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Operations on polynomials

2. Multiplication:2. Multiplication:
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Operations on polynomials

3. Evaluation at a specific point x0: Horner‘s method3. Evaluation at a specific point x0: Horner s method

( ) ( )( ) axaxaxaxp ++++=

Running time: O(n)

( ) ( )( ) 0010100 axaxaxaxp nn ++++= − KK

Running time: O(n)
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3. Representation of polynomials

p(x) ∈ R[x]

Possible representations of p(x):

1. Coefficient representation

Example:

( ) 0
1

1 axaxaxp n
n +++= K

Example:

( ) 23( ) xxxxp 18153 23 +−=
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Representation of polynomials

2. Product of linear factors2. Product of linear factors

p(x) ∈ R[x]

( ) ( ) ( )nn xxxxaxp −−= K1

Example:

( ) ( )( )323 −−= xxxxp( ) ( )( )323 xxxxp
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Representation of polynomials

3. Point-value representation3. Point value representation

Interpolation lemma:
Any polynomial p(x)    R[x] of degree n is uniquely defined by
n+1 pairs (xi, p(xi)), where i = 0,...,n and xi ≠ xj for i ≠ j.

∈

Example:
The polynomial

is uniquely defined by the point-value pairs (0 0) (1 6) (2 0) (3 0)

( ) ( )( )323 −−= xxxxp
is uniquely defined by the point-value pairs (0,0), (1,6), (2,0), (3,0).
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Operations on polynomials

p, q ∈ R[x], degree(p) = degree(q) = np, q ∈ R[x],   degree(p)  degree(q)  n

Coefficient representation
Addition: O(n)
Multiplication: O(n2)
Evaluation at x0 : O(n)Evaluation at x0 : O(n)

Point-value representation

( ) ( ) ( )

( ) ( ) ( )
nn yxyxyxp ,,,,,, 1100 K=

( ) ( ) ( )nn zxzxzxq ,,,,,, 1100 K=
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Operations on polynomials

Addition:

Running time: O(n)

( ) ( ) ( )nnn zyxzyxzyxqp +++=+ ,,,,,, 111000 K

g ( )

Multiplication:

( ) ( ) ( )
(Condition: n ≥ degree(pq))

( ) ( ) ( )nnn zyxzyxzyxqp ⋅⋅⋅=⋅ ,,,,,, 111000 K

Running time: O(n)

Evaluation at point x´: ??
Convert polynomial to coefficient representation
(interpolation)
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:Compute the product of two polynomials p, q of degree  n:

p,q of degree n-1, n coefficients
Evaluation:

2n point-value pairs                    und ( )( )ii xpx , ( )( )ii xqx ,
1210 ,,, −nxxx K

Pointwise multiplication

2n point-value pairs ( )( )xpqx2n point value pairs

Interpolation

f ff

( )( )ii xpqx ,

pq of degree 2n-2, 2n-1 coefficients
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Divide-and-conquer approach

Idea: (assume n is even)
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Representation of p(x)

Assume: degree(p) < n 

3a. Values of the n powers of the principal nth root of unity
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Discrete Fourier Transform

The values p(ωn
i) of the n powers of ωn uniquely define p if degree(p) < n.The values p(ωn ) of the n powers of ωn uniquely define p if degree(p)  n.

Discrete Fourier Transform (DFT)

( ) ( ) ( )( )110 ,,,)( −= n
nnnn ppppDFT ωωω K

Example: n = 4
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Evaluation at the roots of unity

1 i=1
4ω
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15Winter term 11/12



Evaluation at the roots of unity

( ) xxxxp 18153 23 +−=
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:Compute the product of two polynomials p, q of degree  n:

p, q of degree n-1, n coefficients
Evaluation:

2n point-value pairs and  

12
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2 ,,, −n

nnn ωωω K

( )( )i
n

i
n p 22 , ωω ( )( )i

n
i
n q 22 , ωω

Pointwise multiplication

2n point-value pairs ( )( )ii pq ωω2n point value pairs 

Interpolation

f ff

( )( )nn pq 22 , ωω

pq of degree 2n-2, 2n-1 coefficients
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4. Properties of the roots of unity

form a multiplicative group1210 −nωωω form a multiplicative group

Cancellation lemma:
For any integers n > 0 k ≥ 0 and d > 0 we have:

222 ,,, nnn ωωω K

For any integers n > 0, k ≥ 0 and d > 0 we have:

k
n

dk
dn ωω =

Proof:

ndn

( ) knikdnidkdk ππ /2/2 ( ) k
n

nikdnidkdk
dn ee ωω ππ === /2/2

Therefore: 11
22 −== ωω n

n
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Group

(G, *) G set, * Operation(G, ) G set,  Operation

(1) Closure

(2) Associativity(2) Associativity

(3) Neutral Element

(4) Inverse Element
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Group of roots of unity

G = { } * Complex multiplication12
2

1
2

0
2 ,,, −n

nnn ωωω KG  {                          }  Complex multiplication

(1)Closure

222 ,,, nnn

(2)Associativity(2)Associativity

(3)Neutral Element

(4) Inverse Element
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5. Discrete Fourier Transform

( ) ( ) ( )( )110 ,,,)( −= n
nnnn ppppDFT ωωω K

Fast Fourier Transform:

Computation of DFTn(p) by means of a divide-and-conquer approach.
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Discrete Fourier Transform

Idea: (assume n is even)Idea: (assume n is even)
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Discrete Fourier Transform

Evaluation for k = 0, ... , n – 1:
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Discrete Fourier Transform

Example:
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Computation of DFTn

( ) ( ) ( )( )110)( −= nppppDFT ωωω

Base case: n = 1 (degree(p) = n –1 = 0)
DFT ( )

( ) ( ) ( )( ),,,)( = nnnn ppppDFT ωωω K

DFT1(p) = a0

General case : 
Divide:
Divide p into p0 and p1

Conquer:
Recursively compute DFTn/2(p0) and DFTn/2(p1).y p n/2(p0) n/2(p1)
Merge:
For k = 0, ... , n –1 compute:

DFT (p) = pDFTpDFT ))()(( +DFTn(p)k =

knn
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A further improvement
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A further improvement

Example:
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6. Fast Fourier Transform

Algorithm: FFT
I t A t i i th ffi i t f l i l d 2kInput: Array a containing the n coefficients of a polynomial p and n = 2k

Output: DFTn(p) 

1 if n = 1 then /* p is constant */1. if n = 1 then /  p is constant /
2. return a
3. d[0] = FFT([a0, a2, ... , an-2 ], n/2)
4. d[1] = FFT([a1, a3, ... , an-1], n/2)
5. ωn = e2πi/n

6. ω = 1
7. for k = 0 to n/2 – 1 do /* ω = ωn

k*/
8 [ ] [ ]ω 10 ⋅+= ddd8.
9.
10.

[ ] [ ]

ωωω
ω

ω

    
 

n

10
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+=

+ kknk

kkk

ddd
ddd

28Winter term 11/12

11. return d



FFT: Example

( ) 018153 23 ++−= xxxxp
a = [0, 18, -15, 3 ]
a[0] = [0, -15] a[1] = [18, 3]
FFT([0, -15], 2) = (FFT([0],1) + FFT([-15],1), FFT([0],1) - FFT([-15],1))FFT([0, 15], 2)  (FFT([0],1)  FFT([ 15],1),    FFT([0],1) FFT([ 15],1)) 

=  (-15,15)
FFT([18, 3],2)   = (FFT([18],1) + FFT([3],1),    FFT([18],1) - FFT([3],1)) 

= (21 15)=   (21,15)

k = 0 ; ω = 1
d0 = -15 + 1 * 21 = 6 d2 = -15 – 1 * 21 = -36

k = 1 ; ω = ik = 1 ; ω = i
d1 = 15 + i*15 d3 = 15 – i*15 
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7. Analysis

T(n) = Time required for evaluating a polynomial of degree < n atT(n)    Time required for evaluating a polynomial of degree  n at 
the points .

T(1) O(1)

12
2

1
2

0
2 ,,, −n

nnn ωωω K

T(1)  =  O(1)
T(n)  =  2 T(n/2) +  O(n) 

=  O(n log n)( g )

30Winter term 11/12



Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:Compute the product of two polynomials p, q of degree  n:

p,q of degree n-1, n coefficients
1210Evaluation via FFT:

2n point-value pairs                             and   
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nnn ωωω K

( )( )i
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i
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n
i
n q 22 , ωω

Pointwise multiplication

2n point-value pairs ( )( )ii pq ωω2n point value pairs 

Interpolation

f ff

( )( )nn pq 22 , ωω

pq of degree 2n-2, 2n-1 coefficients
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Interpolation

Converte the point value representation into coefficient representationConverte the point-value representation into coefficient representation.

Input: (x0, y0),..., (xn-1, yn-1) where xi ≠ xj, for all i ≠ jj

Output: Polynomial p with coefficients a0,..., an-1,
such thatsuch that
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Interpolation

Matrix notation:
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Interpolation
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Interpolation

Theorem:
F 0 ≤ i j ≤ 1 hFor any 0 ≤ i, j ≤ n – 1 we have:
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Interpolation
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Interpolation
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Interpolation

Summation lemma:
For any integer n > 0, l ≥ 0 with n l :
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Interpolation

( )−= 1yVa ( )

( ) ⎟
⎟
⎞

⎜
⎜
⎛
⎞⎛

=

0
1ii

ini

y

yVa

( )−−−

⎟⎟
⎟
⎟

⎜⎜
⎜
⎜
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= 1

1

,,,1    
ni

n
i

n y
nnn

ωω
M

K

∑
− −

−
⎟⎟
⎠

⎜⎜
⎝

1

1

n ik
n

ny

ω∑
=

=
0

   
k

n
k n

y

( )∑
−

−=
1

0

1    
n

k

ki
nky

n
ω

39Winter term 11/12

=0kn



Interpolation
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Interpolation and DFT

1 ( ) ( ) ( )( ))1(10 ,,,1 −−−−= n

nnn rrr
n

a ωωω K

( ) ( ) ( )( )11 ,,,1
n

n
n

n
n rrra ωωω K−= 1=n

nωsince( ) ( ) ( )( ),,, nnnn n

( ) ( )0       )(1  ≠= − irDFT
n

a inni n

( )   )(1  00 rDFTa n=

41Winter term 11/12

( ) 00 n n



Polynomial multiplication by FFT

Compute the product of two polynomials p, q of degree < n:Compute the product of two polynomials p, q of degree  n:

p,q of degree n-1, n coefficients

Evaluation by FFT:

2n point-value pairs                         und   
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Pointwise multiplication

2n point-value pairs ( )( )ii pq, ωω2n point value pairs 

Interpolation via FFT
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pq of degree 2n-2, 2n-1 coefficients
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