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1. Polynomials

Real polynomial p in one variable x:Real polynomial p in one variable x:
p(x) = anxn + an-1xn-1 + ... +a1x1 + a0

a a ∈ R: coefficients of pa0 ,..., an ∈ R: coefficients of p
degree of p: highest power of x in p (= n)

Example:

p(x) = 3x3 – 15x2 + 18x

Set of all real polynomials: R[x]
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2. Operations on polynomials
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Operations on polynomials

2. Multiplication:2. Multiplication:
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c i : What products of monomials have degree i ?
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Polynomial ring R[x].
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Operations on polynomials

3. Evaluation at a specific point x0: Horner‘s method3. Evaluation at a specific point x0: Horner s method

( ) ( )( ) axaxaxaxp ++++=

Running time: O(n)

( ) ( )( ) 0010100 axaxaxaxp nn ++++= − KK

Running time: O(n)
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3. Representation of polynomials

p(x) ∈ R[x]

Possible representations of p(x):

1. Coefficient representation

Example:

( ) 0
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Example:

( ) 23( ) xxxxp 18153 23 +−=
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Representation of polynomials

2. Product of linear factors2. Product of linear factors

p(x) ∈ R[x]

( ) ( ) ( )nn xxxxaxp −−= K1

Example:

( ) ( )( )323 −−= xxxxp( ) ( )( )323 xxxxp
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Representation of polynomials

3. Point-value representation3. Point value representation

Interpolation lemma:
Any polynomial p(x)    R[x] of degree n is uniquely defined by
n+1 pairs (xi, p(xi)), where i = 0,...,n and xi ≠ xj for i ≠ j.

∈

Example:
The polynomial

is uniquely defined by the point-value pairs (0 0) (1 6) (2 0) (3 0)

( ) ( )( )323 −−= xxxxp
is uniquely defined by the point-value pairs (0,0), (1,6), (2,0), (3,0).
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Operations on polynomials

p, q ∈ R[x], degree(p) = degree(q) = np, q ∈ R[x],   degree(p)  degree(q)  n

Coefficient representation
Addition: O(n)
Multiplication: O(n2)
Evaluation at x0 : O(n)Evaluation at x0 : O(n)

Point-value representation
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( ) ( ) ( )nn zxzxzxq ,,,,,, 1100 K=
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Operations on polynomials

Addition:

Running time: O(n)

( ) ( ) ( )nnn zyxzyxzyxqp +++=+ ,,,,,, 111000 K

g ( )

Multiplication:

( ) ( ) ( )
(Condition: n ≥ degree(pq))

( ) ( ) ( )nnn zyxzyxzyxqp ⋅⋅⋅=⋅ ,,,,,, 111000 K

Running time: O(n)

Evaluation at point x´: ??
Convert polynomial to coefficient representation
(interpolation)
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:Compute the product of two polynomials p, q of degree  n:

p,q of degree n-1, n coefficients
Evaluation:

2n point-value pairs                    und ( )( )ii xpx , ( )( )ii xqx ,
1210 ,,, −nxxx K

Pointwise multiplication

2n point-value pairs ( )( )xpqx2n point value pairs

Interpolation

f ff

( )( )ii xpqx ,

pq of degree 2n-2, 2n-1 coefficients
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Divide-and-conquer approach

Idea: (assume n is even)
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