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1. Polynomials

Real polynomial p in one variable x:
P(X) = aX" + @, X" + ... +ayxt + &g

a,,..-, a, € R: coefficients of p
degree of p: highest power of x in p (= n)

Example:
p(x) = 3x3 — 15x2 + 18x

Set of all real polynomials: R[x]
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2. Operations on polynomials

p.qe RX
p(x)=ax"+...+ax +a,
gx)=bx"+...+bx +h
1. Addition
p(x)+a(x)

g@x”+...+a0)+@<”+...+bo) ol oy ¢
a+b)x"+...+(a+b)x+(a +h)

-"’\—)

QMMA—««-& ) IS 0(\«)/ o/hlw"(

Winter term 11/12 3



Operations on polynomials

2. Multiplication: ~ #4%) (p7) = g (p) + deg (<)

p(x)g(x)=(ax"+...+a )b x"+...+b )
C,X"+...+CX +C,

c.: What products of monomials have degree i ? Tlwa loc woleen g

. " e
=¢=xab, i=0,..2n. Ci=agbiaa b 4. 1A h
a, =..=a,=0b =..=b =0 w1 sl

A aolef

L Zw

Polynomial ring R[X]. 2_— JiaA = O(uz) M“MT] e
L= Lx peunre
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Operations on polynomials

3. Evaluation at a specific point x,: Horner‘s method
p(x)=(..(ax +a )x +...+a)x +a,

Running time: O(n)

(o
P00 = IxTh T~ Gy a0
= (3X2+7)‘~ll)7\4 A0
_ ((3"*7%‘ - 4% 4 4

Q () oy he
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3. Representation of polynomials

P(x) € R[X]
Possible representations of p(x):

1. Coefficient representation

p(x)=ax"+...+ax +a

Example:

p(x) = 3x* —15%* + 18X
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Representation of polynomials

y ol \ LM /)“‘Cf{ n
2. Product of linear factors ?WM of olufre d
(cwa) 1‘06’%

p(x) € R[X]

p(x)=a,(x=x,)...(x=x,)

Example:

p(x) =3x(x—2)(x-3)
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Representation of polynomials

3. Point-value representation

Interpolation lemma:
Any polynomial p(xX) R[x] of degre@s uniquely defined by
@pairs (X, p(x)), where 1 = 0,...,n and x; #x; for I #|.
fuZJ. \4""4“\’
Example:
The polynomial

p(x) = 3x(x—2)(x~-3)

Is uniquely defined by the point-value pairs (0,0), (1,6), (2,0), (3,0).

(0)Fo | (4) = K.A.(A-?)_(/f,.g)
r S,

Winter term 11/12 8



Operations on polynomials

P, q € R[x], degree(p) = degree(q) =n

= Coefficient representation
Addition: O(n)
Multiplication: O(n?)
Evaluation at x,: O(n)  Hovwer

= Point-value representation

(% Yo b (X Y )he (X, ,)
\ | /

P
q=(%,2)1(%,2).--.(X,,2,)
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r,(x@) 4 7()(,): Y. + 2

Operations on polynomials

Addition:
P+a=(X, ¥ +2).(X. ¥, +2).....(X, Y, +2,)

Running time: O(n)
Multiplication: ’/(x‘,)-a)(ﬁ)‘ Yo Lo

P-ad=(% Yo Z (XY, 2)- (XY, 2,)
(Condition: n > degree(pq)) ,(,Qj Cr ?) = olag (p) 3 olig (2)

| . Le matd g@({ maa—wg f V. P.
Running time: O(n) We  puant }owo'ﬂﬂ'c, Hoer

NM,.( wO(uL)MuM_ +'I~€
Evaluation at point x™: ?? M J

Convert polynomial to coefficient representation
(interpolation)
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:
i by oot veprntoion

p,q of degree n-1, n coefficients

l Evaluation:  Xg, X{y-uy Xon g ™ rres (')
~= (0« 1:)1,\)
2n point-value pairs (Xi, p(Xi )) und (Xi ,q(xi ) FET
l Pointwise multiplication 0(,,;_}

2n noint-value pairs (Y nn(x “
~ MY R bt AN

l Interpolation 2

pq of degree 2n-2, 2n-1 coefficients

11
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Divide-and-conqguer approach
]ca-r f"roﬁmwy( Al oS an

ldea: (assume n is even) £ .
p(x)=a,+ax+...+a _x"" o poyeancid o
ara it g . “ B
i g I v s
‘*—I“MI) o

2, - (X9 e
Fechns b % —g 1o x4+, +an2(x2)( 2)/2+ —_

, 45 OO+ \na)2
Tackeds n x al+83X+ +an1( )

sk s
Y () P

po(z) = ag + ase + ... + ay_ox("=2)/2
pi(z) = a1 +azx+ ...+ an_lgj(n_2)/2

Select zq,...,xp9,_1 such that the computa-
tions of p(xx) and p(xy4,) are almost identical.

P (X')= a, 1 ax g, 09
po(X)=a, 4438,
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