Representation of polynomials

3. Point-value representation

Interpolation lemma:
Any polynomial p(xX)} R[x] of degree n is uniquely defined by

n+1 pairs (x; p(x)), where i =0,...,n and x; #x; for i #].

Example:

The polynomial
plx)=3x(x-2)(x-3)

Is uniquely defined by the point-value pairs (0,0), (1,6), (2,0), (3,0).
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Operations on polynomials

P, q € R[x], degree(p) = degree(q) =n

= Coefficient representation
Addition: O(n)
Multiplication: ~ O(n?) — J(« Z’I“L TFET
Evaluation at x,: O(n) Hevwo

= Point-value representation
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Operations on polynomials

Addition:
P+q=(%,y+2) (%0, +2),.. (5, +2)

Running time: O(n)

Multiplication:

Pq=%Y 2 ) (X p 2z ) (%, 0,0 2,)
(Condition: n > degree(pq))

Running time: O(n)
Evaluation at point x™: ??

Convert polynomial to coefficient representation
(interpolation)

Winter term 11/12 3



"

Polynomial multiplication

Compute the product of two polynomials p, gof degree < n:
iboabhy, Coffivind roprensmbalion ey (p1) < 2ot Lund goonts vl
p,q of degree n-1, n coefficients we erdmak ok 2u

l Evaluation:  Xg,X,..., X5 4 %W of privs refod
2n point-value pairs (xl.,p(xl.)) und (xl.,q(xl.)) 2 W' = 0[n*)

l Pointwise multiplication ﬁ(u) FET - 0(%£0Jt4)
2n point-value pairs (Y , pq(v ))

l Interpolation Z e Aoy )

pq of degree 2n-2, 2n-1 coefficients
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Divide-and-conqguer approach

e e

Idea: (assume n is even) s s Loshend o 00
p(x):a0+a1x+.,,+an_lx”‘1 e (’W(} mﬂf\»‘w w
2 n—2 A pobiofe w
=yt ax"+...+a, + ol 4 ;F’*}
e vz

ax+ax+ Aa, X"
1 /3 qq Ck)'L l (Xz} + ...

(n-2)12
—a0+a2x t+...+a,_ Z(X ) + S,
Qg(yx)z Fay Qm’,‘. Eoduade M

@(al +ax’+.. .+ azn_l()‘caj2 )(n '2')/2) wik s e 0l Ly
:Po( 2)"'@91( 2)

— po(z) = ag + arw —I—QC‘ —I— a,,_ox("=2)/2

N p1(x) =a1 +azz+ ...+ an_lm(n 2)/2
Select xqg,...,x9,_1 such that the computa-
tions of p(xx) and p(xy4,) are almost identical.
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Representation of p(x)
1 MJ/.MQ\T\} WF({- v ALK gty

"

X1
Y&Caﬂ: e = coX+t kX

Assume: degree(p) <n

3a. Values of the n powers of the principal nth root of unity

—

D/{-L a)niz 827”/72:— Cnfy/n + 4 S 277'/14
i=\-1  e2m=1
Powers of o, (roots of unity):

1= o\w,...,00"
L 2 /n 1 & gmk .
((‘3 ) e ‘

21 b . A
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Discrete Fourier Transform

"

The values p(o,") of the n powers of w, uniquely define p if degree(p) < n.

—

Discrete Faurier Transform (DFT)
Cradonshe p af P

DFL(p)=(p(@) p(@),..p(@])) oo ot
Example: n=4 -~ ke
C

e’ =cosx+isinx 4
o o O ™ /]
w, =e =co0s(0)+isin(0) =1 - \/ |
1_627:1'/,42._ . .= }
W, = =cos(z/2)+isin(z/2) =i

oo

—

o =(?"*f =cosr+isinz =-1

& = (e¥"'*) = cos(37/2)+isin(37/2) =i _Jh/\\’/[
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Evaluation at the roots of unity
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Evaluation at the roots of unity

p(x)=3x*-15x" +18x

(a)o’ p<a)0)) — (4)= R~ AS+AE = C

(wl p(wl)) = V’("')‘-‘--?MAS\L A8 = AT+ A5
: 4 ("4): RoAS_4€ = -9«

(01, plo?) = @ =

(wj’ p(“f)) — f("‘)= (i +AS-ACi = AS- A5,

DFT(p)=(615+15,-3615-15)

’\——

Fovo oo wre WW DFT‘%M f
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:

p, q of degree n-1, n coefficients
l Evaluation: @, ,@,,,...,@, "

°1 2n

2n point-value pairs (a)2 p(a)2 )) and ((Uz,q((dz ))

l Pointwise multiplication
2n point-value pairs (@) , pg(@.
l Interpolation

pq of degree 2n-2, 2n-1 coefficients
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4. Properties of the roots of unity

@, @, ,...,@,"  form a multiplicative group

Cancellation lemma:
For any integers n > 0, k>0 and d > 0 we have:

ki = o

Proof:
dk 27k | (dn 27k I n k
Therefore: D 1
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Group

(G,*) Gset, *Operation ¥: 4 <~ 4 —>

(1) Closure
Q<I"é 4 — axb el

(2) Associativity
(O\XE) x ( = AKX ('ch)

(3) Neutral Element

3664 E exqg = QAxe

\
N

(4) Inverse Element

V@éé\ Aiﬂéqf a*L‘L*Q:e
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Group of roots of unity

G={ &, @,...a } *Complex multiplication

(1)Clost1re , w kel <24 v~
("Jm ' ("/Lm - L‘)Zﬂt ket 7 2q
- (s £) punod 2n
... Ly
(2) Associativity [l <) sk 2u Uo (L+ €+ a) amsd 20
UV -
((")‘L(: ) L‘)L’i). Wi = Yy ( T Dz A
( 'a w o) { 4w ) amad Cu (klc/(+w)mop( Zn
Win ( wlu w?.m = (/)'Z»\ ’ L‘)'Lu - wut
(3) Neutral Element
0
L‘JUA =1
4) Inverse Element
@ ) N T S B
bu . 4= wu = Wy, 0 W, = Wun - Y,
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5. Discrete Fourier Transform

DFT.(p) = (pla), p(a?)....plar™)
y —
r?(w:>

Fast Fourier Transform:

Computation of DFT,(p) by means of a divide-and-conquer approach.

DFFacet = (ploi)y ., pl+ )

Winter term 11/12 14



Discrete Fourier Transform

Idea: (assume n IS even .

p(x) = ao +ax+..+a,_x""

— 2 n—2
=ayt+a,x +...+a, ,x""+

3 n—1
alx+a3x +...+ an_lx

5 )(n—Z)/Z

= ay+a’+...+a,(x +

x(al ;czgx hatl +...+ an_l(xz )(n_z)/z)
= Po( )"' xpl( VZ)
RCh
p(x)=a +ax +...+a x
(n—2)/2

(n-2)12

p(x)=a +ax+...+a x
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Discrete Fourier Transform

L m

Evaluation fork =0, ..., n

(PR )
Woyy = @ w"/z 4}«1/2 . (w“/, ) e
DENFECY S DFET (p)
DFTa(p) = (po(w ,12> - Boen)s ) ﬂ@(wg/z> )
A 1—4
+ n/Q) @®1( n/2 ’ wn pl(wn/Q) Wﬁ_lpl(wzg )
/ >
£l 2
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Discrete Fourier Transform

Example: o=t
p(w,)=p, () +w,p ()
p(w,) = p,(w,) + w,p,(w))
p(w;)=p,(0,)+w,p (w,)

p(w;) = p,(w,) +w,p,(w,)
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Computation of DFT,

DFT (p) = (p(@)), p(@)),..., p(@”))

Base case: n =1 (degree(p) =n-1=0)

DFT,(p) = a9 _
General case :
Divide:
Divide(pinto{pgland(p;)
Conquer:
Recursively compute DFTzp(p,) and DFT@(pl).
Merge:
Fork =0, ..., n-1 compute:

DFT,.(p)o= (@T’T—\ L(p Q)m+ O(x)
@~ (DFT,,(pIDFT..(p.)),
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A further improvement

( po(wf/z)@pl(w,’;,z) if k< n/2
plaf)
po(wklzlz)@P (&272)  ifk=nl2

Po (wk/2)+ wkpl(wk/z) If k< n/2
=
Po wk/zlz !pl wk,z’z if k>n/2
k-n/,
- Uy, o Wo\ !
g )
Thus, if k < n/2: k=0 >-n

s %JQ%T@ )
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A further improvement

Example:
p(@,) = p,(®,) + @, p,(@,)
p(@;) = p,(@,) + @,p,(®,)
p(@;) = p(@,) - @, p,(@,)

r(@,)=p,(@,)-w,p(v,)
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6. Fast Fourier Transform

"
Algorithm: FFT( @, )

Input:  Array a containing the n coefficients of a polynomial p and n = 2k
Output: DFT,(p)

1. ifn=1then /*pis constant*/
2 returna - Fe
3. dY=FFT([a, a,, ..., a,,], n/2)
4. dU=FFT([a, as, ..., a,4], n/2)
5. @, = e?rn ~—r-
6. w=1

.

8

Q.

—————

for k=0 to n/2 1do /*w= ok

: - d+@G) —
(4> dEDED

10@6060

11. retur@
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FFT: Example

p(x)=3x*-15x*+18x+0
a=[0, 18, -15, 3]

al’ = [0, -15] altl =18, 3]

FFT([O, -15], 2) = (FFT([O],1) + FFT([-15],1), FFT([O],1) - FFT([-15],1))
= (-15,15)

FFT([18, 3],2) = (FFT([18],1) + FFT([3],1), FFT([18],1) - FFT([3],1))
= (21,15)

k=0;w =1

dy=-15+1*21=6 d,=-15-1*21= -36

k=1; w=I

d, = 15 + i*15 d, = 15— i*15

FFT(a, 4) = (6, 15+15i, -36, 15 —15i)
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/. Analysis

T(n) = Time required for evaluating a polynomial of degree < n at
the points @, ,@, ,...,w,"

° 2n

(W) = o@) - T - Dk Sl
T(n) = 2T(n/2) + O(n)
= O(n log n)
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:

p,q of degree n-1, n coefficients
l Evaluation via FFT:  @,,,@3,,...,@ e 4’;“)

2n point-value pairs (602, p(wz)) and (wz,q(wz))
l Pointwise multiplication O(w)

2n point-value pairs  (@! , pg(@. ))

l Interpolation Z

pq of degree 2n-2, 2n-1 coefficients
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