Operations on polynomials

P, q € R[x], degree(p) = degree(q) =n

= Coefficient representation
Addition: O(n)
Multiplication: On?) —— Jlu lyn)
Evaluation at x,: O(n)

= Point-value representation

Yoh(x, 3 0(x,,0,)

z,)(x,2,),.0(x,2,)

p=(
q

(

Xos
Xos
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Operations on polynomials

Addition:
P+q =%y + 2, (5,3, +2)0(x,0, +2,)

Running time: O(n)

Multiplication:

Pq=(%,2, 20,3, 2,)s(x,, 3, 2,)
(Condition: n > degree(pq))

Running time: O(n)
Evaluation at point x™: ??

Convert polynomial to coefficient representation
(interpolation)
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:

p,q of degree n-1, ngefficients

l Evaluation:  Xg, X{y...1 X5, 4 &(“ jd]‘*)
2n point-value pairs (xl.,p(xl. )) und (xi’Q(xi )) P

l Pointwise multiplication Ol
2n point-value pairs (Y , pq(v ))

l Interpolation 2

pq of degree 2n-2, 2n-1 coefficients
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Divide-and-conqguer approach

——

Idea: (assume n is even)

plx)=a,+ax+..+a,_x""

— 2 n—2
e —a0+a2X +...+Cln_2X +

ol ——> X+ a3x3 ...+ azn_lx”_1
=a,+a,x’+...+a,_ (xz)(n—Z)/Z +
x(al +ax’ +...+ azn_l()c2 )(n_z)lz)
= Po(xz)"'xpl(xz)

po(x) =ap+apr+ ...+ a,n_zgc(”_z)/2
p1(z) = a1 +azz+ ...+ ap_12(n=2)/2
Select zq,...,x5,_1 such that the computa-
tions of p(xy) and p(zg4,,) are almost identical.
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Representation of p(x)

Assume: degree(p) <n

3a. Values of the n powers of the principal nth root of unity

@282722'/71

i=—1 e2W=1

Powers of o, (roots of unity):

n-1

1= o\w,...,0

-
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"

The values p(w,") of the n powers of o, uniquely define p if degree(p) < n.

Discrete Fourier Transform

Discrete Fourier Transform (DFT)

DFT (p)=(p(@), p(@))...., p(@™))

Example: n=4

e =cosx+isinx

@;, =e” =cos(0) +isin(0) =1

w, = e =cos(7/2)+isin(x/2) =i
@ = (ez’”"“)2 =cosr+isinr =-1

& = (e¥"'*) = cos(37/2)+isin(37/2) =i
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Evaluation at the roots of unity
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Evaluation at the roots of unity

p(x)=3x*-15x* +18x

(w;, p(@))) = @ pQ) = (16)

(@, p(})) = (@ p(i)) = (i, 15 + 15i)
(@f p(@})) = (1 p(-1)) = (-1, -36)
(@}, pl})) = (i, p(-i) = (-, 15-15)
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:

p, q of degree n-1, n coefficients
l Evaluation: @, ,@,,,...,@, "

°1 2n

2n point-value pairs (a)2 p(a)2 )) and ((Uz,q((dz ))

l Pointwise multiplication
2n point-value pairs (@) , pg(@.
l Interpolation

pq of degree 2n-2, 2n-1 coefficients
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4. Properties of the roots of unity

@, @, ,...,@,"  form a multiplicative group

Cancellation lemma:
For any integers n > 0, k>0 and d > 0 we have:

dk k
wa’n o a)n
Proof: i
dk 27idk | (dn) 27ik I n k
W, =e =" =W
n n
Therefore:
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Group

(G,*) G set, * Operation

(1) Closure

(2) Associativity

(3) Neutral Element

(4) Inverse Element
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Group of roots of unity

G={ &, @,,....0%, "}  * Complex multiplication

(1) Closure

(2) Associativity

(3) Neutral Element

(4) Inverse Element
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5. Discrete Fourier Transform

DFT (p)=(p(@)) p(@)..... p@"))

Fast Fourier Transform:

Computation of DFT,(p) by means of a divide-and-conquer approach.
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Discrete Fourier Transform

Idea: (assume n is even)

plx)=a,+ax+..+a, _x""

— 2 n—2
—a0+a2x +...+an_2x +

3 n—1
a1x+a3x +...+ an_lx

5 )(n—Z)/Z

= ay+a’+...+a,(x +

x(al +agx ..+ an—l(’xz )(n—Z)/Z)
= Po(x2)+xl71(x2)

(n-2)12

p(x)=a +ax +...+a x

(n-2)12

p(x)=a +ax+...+a x

Winter term 11/12 14



Discrete Fourier Transform

Putting things together:
DFL. (p)= (plwdd ploddo ples™))
P00 = f (x*) + x- (r« (x%)
x= e o () 2= )k kb = o ...

((Df'T,h(r)) = (co )
( ) Wl (Cul))

=

I

W“,F(w )

YO

f
um,>’r Wy f" (QJ«}) k<;
EJ«L\)r(‘«JéA/Z) 6 2

N
N x

(‘(D?Tu (Fo)> + l,u\ ((D?“j} 604) )

>Lz~k‘ 4 wf (W)FTb (p.) )

u W
1 -~ Qz?*
Z € . /2

~N ]S



Discrete Fourier Transform

Evaluation fork =0, ..., n—1:

pO(wn/2)+a) pl( :/2)
) VT N2 If k<nl/2
pl@)=pl@))+apl@)) =1 ., ot
p0<a)n/2 )+a)p1( @2 )’
| if k>nl2
DFTy(p) = (po(@l):- - po(w)s ), po@S0), - polwn)s™ )
+ @1 (@D)0), - P 1 (w3, W PP (@l ), W (W)
16
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Discrete Fourier Transform

Example:
p(w,)=p, () +w,p ()
p(w,) = p,(w,) + w,p,(w))
p(w;)=p,(0,)+w,p (w,)

p(w;) = p,(w,) +w,p,(w,)

Winter term 11/12
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Computation of DFT,

DFT (p) = (p(@)), p(@)),..., p(@”))

Base case: n =1 (degree(p) =n-1=0)

DFT,(p) = &
General case :
Divide:
Divide p into p, and p,
Conquer:
Recursively compute DFT, ,(p,) and DFT, ,(p,).
Merge:
Fork =0, ..., n-1 compute:

DFTn(p)k: (DFT;/z(po)’Danlz(po))k +
o, (DFT,,(p,),DFT,,(p,)),
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A further improvement

e

1’90(505/2)+ wfpl(w,f,z) If k< n/2
\po(w,’,f,‘;’z)@pl(w,’j,‘;’z) if k>nl2

po(wflz)‘l' a):pl(w:/Z) if k< n/2

ol 2 ) Lar "2, (@ 7'2)  if k=nl2

Thus, if k < n/2;

p,(@,)+ @ p (@)= pl@)

(@)~ o, p(@,,)= pla,"")
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A further improvement

Example:
p(@,) = p,(®,) + @, p,(@,)
p(@;) = p,(@,) + @,p,(®,)
p(@;) = p(@,) - @, p,(@,)

r(@,)=p,(@,)-w,p(v,)

Winter term 11/12
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6. Fast Fourier Transform

"
Algorithm: FFT

Input:  Array a containing the n coefficients of a polynomial p and n = 2K
Output: DFT,(p)
1. ifn=1then /*pis constant*/

2. return a % (o

3. dY=FFT([a, a,, ..., a,,], n/2)

4. dU=FFT([a, as, ..., a,4], n/2)

5. @, = e ~ P

6. w=1

7. fork=0ton/2-1do {/*a):a)nk*/
8. d@:fz’_,gf’ua)-ﬁ

9

10. ,0 =@y @
11.jreturn d
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FFT: Example

p(x)=3x*-15x*+18x+0
a=[0, 18, -15, 3]

al’ = [0, -15] altl =18, 3]

FFT([O, -15], 2) = (FFT([O],1) + FFT([-15],1), FFT([O],1) - FFT([-15],1))
= (-15,15)

FFT([18, 3],2) = (FFT([18],1) + FFT([3],1), FFT([18],1) - FFT([3],1))
= (21,15)

k=0;w =1

dy=-15+1*21=6 d,=-15-1*21= -36

k=1; w=I

d, = 15 + i*15 d, = 15— i*15

FFT(a, 4) = (6, 15+15i, -36, 15 —15i)
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/. Analysis

T(n) = Time required for evaluating a polynomial of degree < n at
the points @, ,@, ,...,w,"

° 2n

Covgntd Dade & l\UJj/(
Tw=ow .,

T(n) = 22T(n/2) + O(n)
= O(n log n)

Winter term 11/12
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Polynomial multiplication

Compute the product of two polynomials p, q of degree < n:
p,q of degree n-1, n coefficients
l Evaluation via FFT: @5, ,@5,,..., 05 Ul “4‘7‘1]

2n point-value pairs (602, p(wz)) and (wz,q(wz))

l Pointwise multiplication ACY

2n point-value pairs  (@! , pg(@. ))
l Interpolation ,(

pq of degree 2n-2, 2n-1 coefficients
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Interpolation

Convert the point-value representation into coefficient representation.

Input:  (Xg, Yo)re+s (Xn.15 Y1) Where X; = X;, for all i # j

Output: Polynomial p with coefficients a,..., a,,_4,

such that
J N

)—a+ax+ +a x" —®

n-1
xl)—ao+alx1+...+a - =7
xz) =ao+azlxz+...+an_1x§'1 =y2

T

-1

(xn).a+ax +...ta x =Yy

-1

kw _/

i
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Interpolation

Matrix notation:

_ -
1 X, ke xg—l\/ a, \( /yo\

2 e
A YN

\1 X Xuz-/f o x:—_llj \an—1}J \yn—l)
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Interpolation

System of& equations
$
n—1
1 x, - xbY a Yo
n-1
Vv\ 1 X, e Xy a, B W
g
n—1
1 xn—l Tt xn—l an—l y”_l

solvableif x, # x; forali# ;.

. ! VS
Special case (here) : X, @ X, = (u% A,

Definition: V :(a)"f')i,j, a=(a), y=()

n

27

Winter term 11/12



Interpolation

Theorem:
Forany O <i, ) <n-1we have:

v?), ="
n /i
n
Proof: i
0,
1
V==
i,j
We have to show: ; lombaby
Vv =1
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Interpolation

Consider theentry of ¥~V inrow i and column ; :

(Vn_an )z] =

W D

S

S |-

S
S
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Interpolation

—ik
B n—la) 1n—1 ; —_—
( 1 ) :Z n a)]k__za)( +j)k /L-
N 7] k=0 “
Case 1. i=|
1 n-1 =e 1n—1
_Z (—i+j)k — _Z a)O-k _1 v~
=0 o -
- =027
Case 2:izj, Qe —(n-1)<—-i+;j<n-1
thusn | —i+j:
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Interpolation

Summation lemma: o XN g
For any integern >0, 1>0withn 1 |: ZX =
= _ X - 1
n-1 b=e
D@y =0
k=0 p
b
Proof: wa
= A
n—1 /] Y X
( ,)k w,) -1 o, | -1
a) — — — O
" -1 -1
k=0 a, @,
~—
=+ 1
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Interpolation

ai :(Vn_ly)i
/ yo \ T
- l wn—i a)n—i(n—l) ¥,
n n  n :
-
\yn—lj W
n—1 a)—lk e
=) Vi— . b
k=0 n 1/-()()" Z 7/(e . X
k=0
1 n-1 m .
=3 @)D= 1 ()
n k=0 "
~ DFT !
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Interpolation

k

1 n-1 o\ 1l 1 n-l —(n-1) \¥
=50 @) 5. @) v S @)
n‘"—_ ___— —

r(x)=y,+yx+yx’+-+y x"

(r(@),r(@"),....r(@ ™))

a=

1
n
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Interpolation and DFT

0= ;Ll(r(a) N H@ .., r(a)n(’]’” )

a :%(r(a) )r(a) _1) ..... r(a)i)) since w, =1
~ = (DFT, ("N (i#0)
- dp="(DFT,()g
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Polynomial multiplication by FFT

Compute the product of two polynomials p, q of degree < n:

p,q of degree n-1, n coefficients

l Evaluation by FFT: @S, @ ,...,02""  ((« Lo)
25 point-value pairs (@, , p(@. ) und (@! ,q(@! ))
l Pointwise multiplication 0lw)

2n point-value pairs (@, , pq(a, ))

l Interpolation via FFT (J Cn [oj v )

———

—

pq of degree 2n-2, 2n-1 coefficients
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