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1. Types of randomized algorithms nr

« Las Vegas algorithms
always correct; expected running time

Example: randomized Quicksort
Lok~ cenc : O 1) iy fiamt
potome = cane: () (o £oya) Lk prcked Ty e
« Monte Carlo algorithms (mostly correct):
probably correct; guaranteé—d running time

—

Example: randomized primality test
Vo ompoike U b Comprike it
\ r\:o’(rdr(»g rﬁm”: a ol B commprult o e
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2. Quicksort 0.:

vt g
J
2

Unsorted range AJl,r] in an array A:
< " <

uicksort uicksort
Q {olex Q
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Quicksort nr

Algorithm: Quicksort

Input: unsorted range [l, r] in array A
Output: sorted range [l, r] in array A

1 if r>|

2  then choose pivot element p = A[r]

3 m = divide(A, |, 1) T A Allwa] a<p
/* divide A according to p: A€ Alumgr ] p ¢4
All],....,.A[m = 1] <p <A[m + 1],...,A[r]

*/
4 Quicksort(A, I, m-1)
5 Quicksort (A, m+ 1, r)
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Partitioning step

A(}(,m-/z‘] D A Cwmeq, <7
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Partitioning step nr

a8

divide(A, 1, 1):

e returns the index of the pivot element in A
e running time O(r — I)
# CompoitsSod
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Worst-case input nr

T
Lo

Running time: (n-1) + (n-2) + ... + 2+ 1 =n(n-1)/2 = ()

= e—

v, A

T !

Jecond piget

BN
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— ]

n elements:
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3. Randomized Quicksort 0
Radom Learten ove all svredd Pw‘r/(s Jomak v WMM Tond o IF

Algorithm: Quicksort

Input: unsorted range [, r] in array A
Output: sorted range [l, r] in array A

1 if r>| [WFWL}

2 then choose pivot element p = AJi] in the range [l, r] at random

3 swap A[i] and A[r] Al

4 m = divide(A, |, r) [ptical  to
/* divide A according to p: Ak ravion of
All],.....AIm = 1] <p < A[m + 1],...,A[r] Qs
*/

5 Quicksort(A, I, m - 1)

6 Quicksort(A, m+1,r)
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AnalySiS 1 el i o (om0
1) = %f‘_\luya,wo(mi’-&'( i,wd)ﬂ%c/r“- m a
a6l S m

n elements; let(S;be the i-th smallest element

With probability y,@is the pivot element:
subproblems of sizes 0 and n-1

— o @ M1
. o (T+ Tlw) + w)
 oluwtele
With probability % @IS the pivot element:
subproblems of sizes k-1 and n-k e [Sv| m—t 1
. 4 ( T(k-a)y T(u-t) 5 au-a)

With probability }/ @is the pivot element; [ =-o —&#

subproblems of sizes n-1 and O
<. ( T (w-a) r T ra-q)
" -1
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Analysis 1 ar

Expected running time:

14 ‘- s
T(n):HZ(T(_Ii_Zl)+T(n—k))+n—1
k=1 -
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Analysis 1 nr

P Y CO\M&N";SM 1 W

T« >
L = ! (*
T(a)= Z (W) su-g = 7(net) Ha=4n F)
P\i ! q;ﬂ Ifl"“‘O(-(
KLML.’ “A« ” LZ, A m - He Hoxuamnc munmmds i 7 )
ity 57 (o = 5 (e o T =2
K=o 2

\ L
W
Tlw) = m-g « % 3 T(Q)s/‘(’/l-i-%.?

S A O N R T
:2(M+4)Hm,m_z_z(
;Z(hk/[)u&_qh@

I

- O("'\ /Zo'zl,\7 .
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Analysis 2: Representation of QS as a tree 0
S il Somallerh Sk "

[S""“’ ng [5\7-1--*;&3]

. Twoe hwents S oy
.S;\O@ QWQMZ;«&QAAM
0 JY“”"(‘WLQ&@ low vr G
vlignbor Lokian behueon S
1=5:5,545,S,5,5,S:S. &)

Winter term 11/12 13



Analysis 2 0;

Expected number of comparisons:

@Mw . .
e | :{1 if S, is comparedto S, T

= 0 otherwise
ﬁw’*g of MIMM&

n /o < _
Bl 2 2% =2 2EX] -2 2 py

Y = = a7

probability that S; is compared to S;

E[Xij] :71' P "'O'(l_ pij) = Py

R
Vadore R
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Linearity of Expectation nr
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Computing p; nf

=
= S;is compared to S, iff S;or S; are chosen as pivot element <. ¢ ¢

before any S, , i<I<;.
{§i S ...jj}

e ——

" AnyelementS;, ..., S; is chosen as pivot element with the
same probability. R[ <. i o é“* (\M b (&--ﬂ,So&]
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Analysis 2 0;

Expected number of comparisons:

L ENI-3 Ta -3 T

i=1  j>i i=1 j>| K’J";+/{
n-i+lo s ix1 = k=2
_Z Z ja/m = ll. M=+t 4
= @
n “w
522 - = Z 2 H"« = 2w H
i= kLéﬁ 124

H :Z”: 1/k =Inn

n
k=1

Winter term 11/12 17



4. Primality test ﬂr

Definition:
A natural number p > 2is prime iff a|p impliesthat a=1or a=p.

We consider primality tests for numbers n > 2 .
Algorithm: Deterministic primality test (naive approach) Chet o2

0\: /l -~y i
Input:  Natural number n > 2 oo
Output: Answer to the question ,Is n prime?* n= ab

M 475
by An

m= a'L> @‘th/\ é,

If n=2then return true
If n even then return false
fori=1to ~/n/2do

If 21+ 1 divides n

. ' c
then return false Niod - qning tee ) ZC’J - )

C Cownf
return true
Running time: ©( /n ) o Mﬂﬁ%ﬂ ? e ‘(
_ — lmpu/“ %Q:ﬁ -‘ O(f_o ") Loyv /,
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Primality test ﬂr

Goal: Mok (arls oy it poly atmuiy e

Randomized algorithm
* Polynomial running time.
* Ifit returns “not prime”, then n is not prime.
* If it returns “prime”, then with probability at most p, p>0,

n is composite. £ Lok % (o ;()

After k iterations: with probability p¥, n is composite .

— —
=
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Primality test ﬂr

Fact: For any odd prime number p:  2P1mod p = 1.

_—

Examples: p=17, 216—1 = 65535 =17*3855 3 = A7 34LE+4
A¢
P=23, 222 —1= 4194303 =23 * 182361 A wH A7 =1

(/\Apu/f D om

. . . . . “
Simple primality test: P praked Squaniy : @
1 Compute(?=2"1mod n 2= (23)?
2 ifz=1 o , o

[

3 thennis possibly prime

a pw (s, n-2) a oolo]
h . . [l
4 elsenis composite

m(a,u}:
SRR AIO)

Advantage: polynomial running time.

T 0Ll

Winter term 11/12 20



