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Randomization

• Types of randomized algorithms
• Randomized Quicksort
• Randomized primality test
• Cryptography
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1. Types of randomized algorithms

• Las Vegas algorithmsLas Vegas algorithms
always correct; expected running time

Example: randomized Quicksort

• Monte Carlo algorithms (mostly correct): 
probably correct; guaranteed running timeprobably correct; guaranteed running time

Example: randomized primality test 
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2. Quicksort

Unsorted range A[l,r] in an array A:

A[l … r-1] p

pA[l...m – 1] A[m + 1...r]

Quicksort Quicksort
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Quicksort

Algorithm: QuicksortAlgorithm: Quicksort

Input: unsorted range [l, r] in array A
Output: sorted range [l, r] in array A

1 if r > l
2 then choose pivot element p = A[r]
3 m = divide(A, l , r)

/* di id A di t/* divide A according to p:
A[l],....,A[m – 1] ≤ p ≤ A[m + 1],...,A[r]
*//

4 Quicksort(A, l , m - 1)
5 Quicksort (A, m + 1, r)
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Partitioning step

l r
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Partitioning step

divide(A, l , r):

• returns the index of the pivot element in A
• running time O(r – l)g ( )
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Worst-case input

n elements:

Running time: (n-1) + (n-2) + … + 2 + 1 = n(n-1)/2
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3. Randomized Quicksort

Algorithm: Quicksortg Q

Input: unsorted range [l, r] in array A
Output: sorted range [l, r] in array Ap g [ ] y

1 if r > l
2 then choose pivot element p = A[i] in the range [l, r] at random
3 swap A[i] and A[r]
4 m = divide(A, l, r)

/* divide A according to p:/  divide A according to p:
A[l],....,A[m – 1] ≤ p ≤ A[m + 1],...,A[r]
*/

5 Quicksort(A, l, m - 1)
6 Quicksort(A, m + 1, r)
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Analysis 1

1

n elements; let Si be the i-th smallest element

With probability ,  S1 is the pivot element: 
subproblems of sizes 0 and n-1

n
1

1With probability ,  Sk is the pivot element: 
subproblems of sizes k-1 and n-k

n
1

With probability ,  Sn is the pivot element: 
subproblems of sizes n-1 and 0

n
1
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Analysis 1

Expected running time:
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Analysis 1
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Analysis 2: Representation of QS as a tree

SS6

S2 S8

S1 S4 S7 S9

SS

π = S S S S S S S S S

S5S3

13Winter term 11/12

π = S6 S2 S8 S1 S4 S7 S9 S3 S5



Analysis  2

Expected number of comparisons:
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pij = probability that Si is compared to Sj
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Linearity of Expectation
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Computing pijp g pij

Si is compared to Sj iff Si or Sj are chosen as pivot elementSi is compared to Sj iff Si or Sj are chosen as pivot element
before any Sl , i<l<j.
{Si  …  Sl …  Sj} 

Any element Si , … , Sj is chosen as pivot element with the
b bilitsame probability.

Sl

pij = 2 / (j-i+1)
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Analysis 2

Expected number of comparisons:
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4. Primality test

Definition:
A natural number p ≥ 2 is prime iff a | p implies that a = 1 or a = pA natural number p ≥ 2 is prime iff  a | p  implies that  a  1 or  a  p.

We consider primality tests for numbers n ≥ 2 .

Algorithm: Deterministic primality test (naive approach)

Input: Natural number n ≥ 2p
Output: Answer to the question „Is n prime?“

if n = 2 then return true
if n even then return false
for i = 1 to / 2 do

if 2i + 1 divides n
n

if  2i  1 divides n
then return false

return true
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Primality test

Goal:Goal:

Randomized algorithm
• Polynomial running time• Polynomial running time.
• If it returns “not prime”, then n is not prime.
• If it returns “prime”, then with probability at most p, p>0,p p y p p

n is composite.

Aft k it ti ith b bilit k i itAfter k iterations: with probability pk , n is composite .

19Winter term 11/12



Primality test

Fact:  For any odd prime number p: 2p-1 mod p = 1.

Examples: p = 17, 216 – 1  =  65535 = 17 * 3855
p = 23 222 1 = 4194303 = 23 * 182361p = 23, 222 – 1 = 4194303 = 23 * 182361

Simple primality test:p p y
1 Compute z = 2n-1 mod n
2 if z = 1
3 then n is possibly prime
4 else n is composite

Advantage: polynomial running time.
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