)

Choose a hash function that is injective (I.e. one-to-one) on the set S to
be stored. (Assumption: S is known in advance.)

CmLth«W

Perfect hashing Vo collicims oo Mo nd
f agebin s xxy 2 fog & f

| odee
Two-level hashing scheme
1. Inthe first level, S is partitioned into “short lists”
(hashing with chaining).

2. Inthe second level for each list, a separate injective hash function is
used. e 0U)

Y

/315
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Construction of injective hash functions

T —

)

LetU=[0...N-1], Sc U, [S| =n, |T| =m
For k e {1,...,N-1}, let

h.:U — {0,....m-1}
x> ((kx) mod N ) mod m

Let S

IS injective?

U. Is it possible to choose k such that h, restricted to S

p—

—

h, restricted to S is injective if for all X,y € S, xzvy,
h(x) = h(y)
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A measure for the violation of injectivity

For 0<i<m-1 and 1< k < N-1let

W

T ot e 4 F I
—  by={xeS:h)=i}

Then: (xy & S¥$=3§

— |{(xy)e $?: x=zy and h(x) =h(y) =i }| = by (by—1)
R vt po
Define

m-1
— By = Z b, (b, —1)
i=0
= 7 # cllistown Conrned IA‘(L
B, measures to which extent h, restricted to S is not injective.
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Injectivity
U_,_en( k E Z’(( -'-,Nfll’i

Lemma 1: h,restrictedto Sis injective < B, <2

Proof:
(=)B<2 = Byl = Dby(by-1) e {01} foralli
= bye {0,1} = h,restrictedto S is injective
N 7

—
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Injectivity

Lemma 2: Let N be a prime number, S ¢ U =[0...N-1] with [S| = n.

Then k = 1,..., N 1Tl = wa
N-1 _
S B, <20y )
k=1 m

~> If m > n(n-1), then there exists B, with B, < 2,
l.e. there is an h, that is injective on S.

N-4
Z B 2 (N-1) = FBe <2 = Fk by & ipoie
=% Lo
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Proof of Lemma 2

Woa N-1m-1
E? [ b, (b, —1)
| k=1 i=0
N-1m-1 . _
I{(X y)e S7ix#y,h(x)=h(y)=i}]
k=1 i=

= Yk (0 =h (Y}

(x,y)e S?
X#Y

Let (X,y) € S?, x # Y, be fixed. How many k exist with h,(x) = h,(y)?
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Proof of Lemma 2

A= ()
& ((kx) mod N) modm= ((ky) mod N) modm

< (kkmod N —kymodN) modm=0

< Kk(Xx—y)modN =cm ce2
g=k(x-y) mod N,  f'= b (o7 =t (wnbisk wol )
-- different k, k’ yield different q, g’ |
k(x-y) mod N =g k'(x-y) mod N = q = (k-E)Gy)uethr=
N b prive, kL' € {4, 0-4] 1l
(kK)xy) =N cez X5eln ™ i aay
E— \x-\/{ Ly

wallos T-U oy [xayl in & werlhgle £ A 5
.- only | (N-1)/m | many q are mapped into the same (_. b )

residue class mod m
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Results

)

Corollary 1: There are at least (N-1)/2 many k with\ins 4n(n-1)m

Such a k can be determined in expected time O(m+n).

Proof: Suppose that there are less than (N-1)/2 many k with
B, < 4n(n-1)/m.
Then there are at least (N-1)/2 many k witl‘( B, > 4n(n-1)m

N-1

2
jZB 5 N—1'4n(n—1) _N-1

y 2n(n-1) -,
= 2 m m n=3-2

learn ng

With probability > %2 , a k chosen at random fulfills the condition.
expected number of trials is < 2.
Trg M ohars oo U904
Coﬁrvv‘{ ﬁ by ZS
U ole M Lofrie, Z& O w)
Winter Term 11/12 e T
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Results

‘ llr
Corollary 2:

a) LetEn = 2n(n- 1)+1JThen at least (N-1)/2 of the h, are injective on S.
Such an h, can be found in expected time O(m+n)=0(n?).

"”"‘2.‘\(4»4){-4,:4 e (o Z22
2’13941 -~ Cw—«)<§ (N-4) Be= ),
b) Letjm=n n] Then for at least (N-1)/2 of the h, it holds thai]B, < 4(n- 1){
Such an hk can be found in expected time O(n).

Keeah Ky = Lo bee (bip-mo)

(L e %@ké‘f<%q«4)wwm1° <2 T

Red Wkt Lt by 7 3G

Rz bi (b)) > 24 (352-4)
(v 74 (n-a)

7w — 345

N
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Two-level scheme

)

[T
ScU=][0...N-1] IS|=n m=0(n)
ldea: Use Corollary 2b and divide S into subsets of size O(Vn).
Use Cor. 2a or each subset. -

@N@W

@hOOSE K with Bk 4(n-1) < 4n. m= N (~ 2.5

h,: X — ((kx) mod N ) mod n Cor 2 4
W.={x e S:h()=i}, b=|W| m=2b(b-1)+1 for0<i<n-1
Choose@such that —

h, :x— (kxmodN) modm

restricted to W, is injective.
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Two-level scheme

@ Si ~ j<i mj

Store xe S in table position T[s; + j] where
I=(kxmodN)modn |=(k;x mod N) mod m,

—

Wo

k'{

(kx“mod N) modn

k [Lo
(D (k% weed ) 'w'l)l"la

@
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n-1 n-1
(M=>m=>(2b{b -1)+1)=n+2B,
=0 =0
_ _ (lu K et
<n+8(n DSB_[L Olw) 4

0 ({w)

Additional space is required for storing ki, m;, and s,.

The total space requirement is O(n).
Paainid it
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Construction time

= According to Cor. 2b, k can be found in expected time O(n).

= W, b, m;, s; can be computed in time O(n).

= According to Cor. 2a, each k; can be computed in expected time
O(b?). —

PR

Total expected time:

O(n+ Zn:bfj =0O(n+B,) =0(n)

i1=0
Ke, < @ Cuw-)
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Main result

)

Theorem: Let N be a prime number and S c U =[0...N-1] with |S| = n.

A perfect hash table of size O(n) and a hash function with access
time O(1) can be constructed for S in expected time O(n).

—_——
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