Algorithm Theory

06 — Amortized Analysis

Dr. Alexander Souza



Amortization

« Consider a sequence a,, a,, ..., a, of
n operations performed on a data structure D

e T,=execution time of g

e T=T,+T,+..+T, total execution time

* The execution time of a single operation can vary within a large
range, e.g. in 1,...,n, butthe worst case does not occur for all
operations of the sequence.

» Average execution time of an operation is small, even though a

single operation can have a high execution time.
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Analysis of algorithms

« Best case

« Worst case
 Average case
 Amortized worst case

What is the average cost of an operation in a worst case
sequence of operations?
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Amortization

ldea:

« Pay more for inexpensive operations
« Use the credit to cover the cost of expensive operations

Three methods:
1. Aggregate method

2. Accounting method
3. Potential method
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Amortization = Overcharging + Bookkeeping nF
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1. Aggregate method: binary counter

Incrementing a binary counter: determine the bit flip cost

Operation Counter value Cost
OOOO?
1 OOO?} 1
2 00019 2
3 00011 1
— 4 00166 3
5 OOlOi 1
6 00116 2
4 OOlli 1
1)
— 8 01000 9
9 01001 1
10 01016 Z
11 OlOli 71
12 011((’)(‘]) <
13 01101 1 4 2
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2. The accounting method

L OA....
Observation: L & ;{

. ) Aa... .,
In each increment exactly one O flips to 1. T 10 oq
ldea:

Pay two cost units for flippingaOtoal

— each 1 has one cost unit deposited in the banking account
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The accounting method

Operation

Counter value

¥ Ak [ips

J
Cost

Payment

Credit
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3. The potential method

Potential function ¢ C{) D — K
Data structure D > ¢(D)

t; = actual cost of the i-th operation

¢ = potential after execution of the i-th operation (= ¢(D,) )

a; = amortized cost of the i-th operation

A
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Definition:
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Example: binary counter

D, = counter value after the i-th operation CP D — #4s = D
¢ = ¢D,) =# of 1's in D,
ii~th operation # of 1's
— Di-l ..... O/l ..... 9}. ..... 1 | BI 1 = 45 -1
bo ASE b 4's ar olabveyed
+ 1 1 A4 e traked
k‘b
D
— Dy ... 0/1.....10.....0 B=B,-b+1 = 471
t; = actual bit flip cost of operation |
=b+1 :
I Wt & ay [&
. —K! 4 — d
o, = b ¢ Q;*@L-q=%+/‘*%%f SRR it
= 2. 10
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Binary counter

t. = actual bit flip cost of operation i

;= amortized bit flip cost of operation i

Cen Cm >
i deleyesping Coq
- N + - - Y L‘F"'j
Z:" "if g)";j = Z{‘ <2 a;
a, = {'—t + Qx“d),,,, = tl = Qi— ZQ{»\—C[}t_: t=Aq
11
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Dynamic tables

‘ |||r
Problem:

Maintain a table supporting the operations insert and delete such that

» the table size can be adjusted dynamically to the number of items

» the used space in the table is always at least a constant fraction of
the total space

» the total cost of a sequence of n operations (insert or delete) is O(n).

Applications: hash table, heap, stack, etc.

Load factor o.;: number of items stored in the table divided by the size
of the table
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