)

Potential function ¢ ct) . D — RT w dlw Q. £

3. The potential method

Data structure D = ¢(D) lhia : Polewhd o~ Cyutit

t; = actual cost of the i-th operation

¢ = potential after execution of the i-th operation (= ¢(D,) ) cf){ = c@( D)

a; = amortized cost of the i-th operation 'Z ai= 5 (to+b-6._ )
klbn:;;L fene, i;f
E/éu.&/q C_M j - . _
Definition: / " 57 ¢ *M
Zo
a = t + - “ .
Fhraf > Lt 2 q

t=a (=
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Example: binary counter

D, = counter value after the i-th operation

¢ = ¢D;) = # of 1's in D,

I—th operation #of 1's
D, ... 0/1.....01..... B.,
D, : ... 0/1.....10..... B.=B_,—-b+1

t; = actual bit flip cost of operation |

= b+1

Winter Term 11/12




Binary counter

t. = actual bit flip cost of operation |
a, = amortized bit flip cost of operation |

a :(b| +1)+(Bi—1_b| +1)_ Bi—l
=2
= >t <2n

Winter Term 11/12




Dynamic tables

‘ |||r
Problem:

Maintain a table supporting the operations insert and delete such that

» the table size can be adjusted dynamically to the number of items

« the used space in the table is always at least a constant fraction of
the total space

» the total cost of a WOperations (insert or delete) is O(n).
Q1) avyag b o gugetio

Tlle ot Lo Al b grons ot i,
Applications: hash table, heap, stack, etc.

Load factor ar: number of items stored in the table divided by the size
o of the table

lm (Jlum bble ¢ MM&MMawm >AWMW)42@
| owrelren c‘r}om o Yo tdiye ol Tdl do W mp Fedle
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Implementation of ‘insert’

class dynamic table {

int [] table;

Int size; /] size of the table

Int num; /I number of items
dynamicTable() { /[ initialization of an empty table

table = new int [1];

size = 1;

num = 0;

}

Winter Term 11/12 S
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Implementation of ‘insert’

iInsert (int x) {

if (num == size ) { J pate ot
newTable = new int [2*size];
for (i = 0; i < size; i++) {/ &7”‘({ *LL dinaets o bl b

new

newTable[i] = table]i]; / 6(44.%«) O( i)
table = newTable;
Size = 2*size;

}
table[num] = x; I 604) home fq o G
num = num + 1;

Winter Term 11/12 6



Cost of n insertions into initially empty table 0;

t; = cost of the i-th insert operation

Worst case:
un (b
;o
t=1 [‘“ If the table is_not full prior to operation i
t=(—1)+ 1= < if the table is full prior to operation i.
N

Thus n insertions incur a total cost of at most

iznl:i :®(n2) O (w) s Olﬁ_da]b\)au qrccekivade |

Amortized worst case:
_Amortized
Aggregate method, accounting method, potential method
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Potential method
éla«if Lok 1o plow  eymerlited cof 4(;——-()(/‘)

T table with

e k=T.num items

—

e s=T.size size

Potential function

p(T)=2k-s
e K prltriol fomdion 7 fells from Ko Qg ' T e Mok for prmded.
Lw TM{ Jonb @»«Jﬁwm o

b ok’
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Potential method \ d} = 2 QW

Properties
e ¢y = AT, = ¢(empty table) = -1
« |Immediately before a table expansion we have k =
thus ¢T) =k =s. C}):Z-Q—s =2-S-¢-=¢g
« Immediately after a table expansion we have k = s/2,
thus ¢(T) = 2k —s = 0. - 2hk-s = 2.(5,)-5 =
e Foralliz1:¢=¢(T)>0 $
Since ¢, - ¢,=0,
{L:q (4({7 +Ct) QLA ,\)Zt<Za1
= Lt <b ct> 2
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Amortized cost a, of the I-th insertion ar
LIl Yhow ; Q <3 = Zﬁ' é‘i‘\i S ﬁiitéz
=a w (=1 '

Za

ki = # items stored in T after the_i-th operation
s; = table size of T after the I-th operation

Case 1: I-th operation does not trigger an expansion

ki=kiqt 1, 5=5 @-’ZE—S
. ff); .. L= €t @ea — Qi—/{
oot

a =1+ (2k;-.8) - (2ki1 —577) (7S
:1+2(ki'ki—1) = N+ J- (l((—q+4 - Qi"‘): A+ 2
=3

Winter Term 11/12 10



Case 2: i-th operation does trigger an expansion

ki=ki, +1,5=2s,, K. .. =Si, Cb; Zl-s
Qi E\. f'@{”@.{_,,

copyrp v et &: 4.,
~ L L
a=k,+1+((2k-s)-(2k.,—5S,)
= ket e (2l D= 25 )= (2o o 50o)
ki (Mrz2-2)+rsi (-2 -cw) 4+ 2
= Ri-a =%, 42

11
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Inserting and deleting items

Now: Contract the table whenever the load becomes too small.

Goal:
— (1) The load factor is bounded from below by a constant. & J. ///2_) {/z,,
— (2) The amortized cost of a table operation is constant.

First approach
 Expansion: as before

« Contraction: Halve the table size when a deletion would cause the
table to become less than half full.

—

Tl Folelde %

Winter Term 11/12 12
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,Bad“ sequence of table operations
,pad
S/dlwmq a{L W A orwkﬂéms

Cost
n/2 ‘insert’ op.
) P HEEE ----- NN 3n/2
(table is full) p
/
I expansion IR oo ins n2+1
D
Lo
_ EEEE ----- ml
D, D: contraction = n/2 + 1
S
. v/ n
I, | : expansion EEEN ----- BEE n/2 +1 L/
70
D, D: contraction REARE ----- B0
_
Total cost of the sequence of operations:
., 1,D,D,I,1,D,D,... of length nis 7 i:- 2 - 06
z

=) W}( (ovt 8(«&)
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Second approach

Expansion: Double the table size when an item is inserted into
a full table.

Contraction: Halve the table size when a deletion causes the table to
become less than ¥4 full.

Property: At any time the table is at least ¥ full, i.e.
o v, < oT) <1

What is the cost of a sequence of table operations?

Qow(: S/Luw Covhd gomerWled f
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Analysis of ‘insert’ and ‘delete’ operations nr

# s
[
k=T.num, s=T.size, a=Kk/s
7 N v
.Koceo( Fac@w‘

Potential function ¢

2k —s,if a>1/2 |7
o(T)= |
s/2—-Kk,iIf a<l/2

L, d>7,o alwap
Ca,w/(:¢>(7/4/2 =) lq7,3/z - 2k~ 26 o
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Analysis of ‘insert’ and ‘delete’ operations nr

T) k—sif a>1/2 [
ls/2—k,if a<1/2

Immediately after a table expansion or contraction:

s=2k, thus ¢T)=0

S:Z[L =) °f=?-'=“j
¢ 2

9 L-¢ = 2k-l-0

Winter Term 11/12 16
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Analysis of an ‘insert’ operation

.

Wed to o : a; & 2

I-th operation: ki =k, ; +1

rsdinen Q/LTM,(,} v
Case 1: ;= % [ ot

—

Case 2: o <Y

Case 2.1: < Y2
Case 2.2: o= %>
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Analysis of an ‘insert’ operation

—_—

Case 2.1: ¢, < Y2, o5< %2 no expansion

Potential function ¢

)= 2k —s,if a>1/2
Cls/2—kif a<1/2 = o, =<

oo - Ar (2 ok) - (22 o) sl e
= A+ (5-“___(1( )> S: §iva 4«4) !
= T+ (-4q)
= O
¢ 3.
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Analysis of an ‘insert’ operation

Case 2.2: o, <Y, ;=% no expansion

Potential function ¢
1) [ K-8 az1/2
Cs/2—kifa<1/2 e,

ioo- 4 (Lki-s)- (2 —ba) ¢.- S,
= 1% (2‘(k;_,.'f-{)es‘-%)_@:‘ﬁh%) k:=b; ,*+7

I T SIS Y I e & o
wﬁg&\_, ab < s;,,,

¢ S o

Winter Term 11/12
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Analysis of a ‘delete’ operation

e tY
ki =kip-1

Case l: ;<% ) *H

Case 1.1: deletion does not trigger a contraction
S; = Sig <y L5

Potential function ¢

(T)_J 2k —s,if @>1/2
C\s/2-kifa<l/2 e o o

L=~ 1 L

R, =1+ (S?_‘:"‘k{)"(

Si-a . 1<‘- ) Sy = S‘\'..,‘
= " t; s kel
= te . _ - - ,
e (220 (=) — (20 -6 )
= 14+ (-(-4))
= 2
¢ 32

Winter Term 11/12
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Analysis of a ‘delete’ operation

ki =kip-1
Case 1: 1<%

Case 1.2: ¢, <Y deletion does trigger a contraction

_ lel ki-«’/l Si"t/q. - A
Si :Si—l /2 ki_lzsi_1/4 0<}_,"'§:“= g /s fd . p <g_
L= 7 1t-4 /2
Potential function ¢
2k—s,if a=>1/2
om=1 5
s/2-k,if a<1/?2 S S
§3 (-
C&{_‘z A% k{»/{ + (T—k{)—(‘gld'—k{-ﬂ)
= A ke (S{m—((z;-"’dj’(/—gl'” - ¢ )
Y § 2 e
= ‘Z + k{-/t - §_‘_'_/~‘
(.(
21

- 2 .
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Analysis of a ‘delete’ operation

Case 2: ¢, = % no contraction
Si =Sy ki=ki;-1

Case 2.1: o= 2

Potential function ¢
. & 0(',,, 15 ¢
2k—s,if a>1/2 ‘
s/2—k,if @ <1/2

o, = Ar (2he-si)= (b= 5:)
= Ak (2 U ma) =S ) = (26, — )
= 1-9 - 4
<Y L

Winter Term 11/12
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Analysis of a ‘delete’ operation

Case 2: ¢, = % no contraction

-

S =si; K=k,-1

Case 2.2: o< Y2

Potential function ¢

(T)_JZK—S,ifOtZUZ < <.,
U sl2-k,if <2 k—-,

Qi= A+ (% k)= (2= s0)

Se= S

S q. - Lo~ L. —

= A+ ( lz - ((‘("1/4J)F—<Z.[{{-/\’-Sz‘—4) ‘ kt—" K
,(
— D
- 2—+ ’3"3{-4 ”B'k[-/, i 2
&//‘v_‘_\) k("l i
. S 2 €3 = o A
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