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1.(Shortest-paths problem

Directed graph G = (V, E)
Cost function c:E — R
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Distance between two vertices

" 4
1 r‘

Cost of a path P =v,, v, ..., Vv, fromu tov: V, Veen € €

o(P) =3 cv, v.0)

Distance between u and v (not always defined):
- —_—

dist(u,v) = inf{ c(P) | P is a path fromu to v}
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dist(1,2) = dist(3,1) = <
dist(1,3) = dist(3,4) =- o<
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2. Single-source shortest paths problem

Input:  network G =(V, E,c), c.E >R, vertexs Vg
Output: dist(s,v) forallv e V é

Observation: The function dist satisfies the triangle inequality.
/\_'
For any edge (u,v) € E:

’z)/ w
dist(s,v) < dist(s,u) + c(u,v) Q
S P Ny

S P = shortest path from s to v
\Y P’ = shortest path from sto u

P
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Greedy approach to an algorithm

1. Overestimate the function dist
0 If v=s
o If VS

(

dist(s,V) =+

.

2. While there exists an edge e = (u,v) with
!
dist(s,v) > dist'(s,u) + c(u,v) ,,w’fsf“‘% o)
S

set dist(s,v) « dist(s,u) + c(u,v)
dc?f"(&‘,v}
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Generic algorithm

(
1. DIST[s] « 0; J
2. forall ve V\{s} do DIST[v] « « endfor;
3. while 3 e = (u,v) € E with DIST[v] > DIST[u] + c(u,v) do
4. Choose such an edge e = (u,v);
5. DIST[v] < DIST[u] + c(u,v); redore Priongle wneg.
6. endwhile;
Questions:
1. How can we efficiently check in line 3 if the triangle inequality is
violated?
2. Which edge shall we choose in line 47
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Solution

Maintain a set U of all those vertices that might have an outgoing edge
violating the triangle inequality.

- Initialize U = {s}
- Add vertex v to U whenever DIST[v] decreases.
DIST[w] &€ DSTLv] + e( v, w)

1. Check if the triangle inequality is violated: U # & ?

2. Choose a vertex from U and restore the triangle inequality for all
outgoing edges (edge relaxation).
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Refined algorithm

DIST[s] « 0; }

for all ve V\{s} do DIST[v] « «~ endfor;

U « {s};

while Uz do

— 5. Choose a vertex u € U and delete it from U;

for all e:(?‘j,v)e E do .

If DIST[v] > DIST[u] + c(u,v) then vﬁ

DIST[v] <~ DIST[u] + c(u,V); e aevhare L5~ ey,
U« Uu{v}

10. endif;

11. endfor;

12. endwhile;

W

0 N o

©
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mvariant for the DIST values

Lemma 1: For each vertex v e V we have DIST[v]= dist(s,v).

Proof: (by contradiction)

Let v be the first vertex for which the relaxation of an edge (u,v)
yields DIST[v] < dist(s,v).

Then:
DIST[u] + c(u,v) = DIST[v] < dist(s,v) < dist(s,u) + c(u,v)
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Important properties !
OL\ \‘ow
Lemma 2:

a) Ifveg U, then forall (v,w) e E: DIST[w] < DIST[v] + c(v,w)
L yve b prpoe.
b) Lets =v,, vy, ..., V,=V be a shortest path from s to v. Y Wlﬂ
If DIST[v] > dist(s,v), then there exists v,, 0 <i<I-1,with 4«
v; € U and DIST][v] = dist(s,v,). &\
> W22 = AG Lo nst gu fiminaked Vi
c) If G has no negative-cost cycles and DIST[v]> dist(s,v) for any
v € V, then there exists a u € U with DIST[u}= dist(s,u).
S\esbend f)ﬁvK« /&w’/&-b“]ff{“ F’”"".k /}:') Yed w=v;.
d) Ifinline 5 we always choose u € U with DIST[u]= dist(s,u),

then the while-loop is executed only once per vertex.
sy Sl 4 valxd w Awave U ok mrg - anben
Lamina 1.
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Proof of Lemma 2

a) Induction on the number i of executions of while-loop

1 =0: .
\"“kw) VvV =# ¢ st et o~ K

DIST(wl €DSTI V] + ¥ w)

0
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Proof of Lemma 2

ik btk ool L (- Mo zaetio of fo
i >0: /&WM & otls offeyiveicts,
il Loy Mot Qo ok
v U s iU preadtio of ke Lop ‘

Q@A—Ccﬁn{/{:\’gu dcfore -l e i Q
DISTIW] £ DISTL V] + e(v,w)

Qq .V\.w wal}u:ijM

=) A fas (4w) ot offs i (. ece.
Cone 22 v € (/( MW": i- b exe

Tor sade (v,u) ee d DISTIw] 7 DSTCVTH €Cvw)
VCshk DISTCw]=DsTIvE+ ¢ (viw)

fond ast genive v {Hea W .
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Proof of Lemma 2

?i = \/n V. (R V( = Vv
b) gw '\,(;Z U'( ol DISTOVi 1= sbick (S,v;)
1 VAT
L=0 SMWMCM&(“M At coune ,Z(m,(,c‘ ¢ o met oma
/1«,(,3 Covt caclz_ Tlwn 4 2ty
Arvine Fosk Vi & U, g o \/: 5
\. Vl'(f\ ~N/

DISTLvi, T € DISTOv, T+ vy, viy)

-y
(a)

= ot (S,v;i) + (v Vi)

=~ ik (SI \f{,,t)
=D D\STZVN."].c d{%CQ,vi,M) 4
&

ConNaic W(MP} c‘g 1,
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