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Problem 1: Automata and Languages (20 points)
Consider the following language L = {w | w starts with arbitrary number (including zero) of
a, followed by arbitrary number (including zero) of b, and then ends with at least one a}. The
alphabet for L is {a, b}. Answer the following questions:
(a) (4 points) Give a regular expression that generates L.
(b) (7 points) Construct a three-state NFA that recognizes L.
(c) (9 points) Construct a DFA which recognizes L. (For example, you can covert the NFA
from (b), if you believe it is correct.)

Problem 2: Automata and Languages (20 points)
Let the be alphabet Σ = {0, 1}. For each of the following languages, answer if it is a context-free
language (CFL) or not. You need to prove your answer as well.
(a) (5 points) L1 = L∗ , where L is a CFL.
(b) (6 points) L2 = {w | w = wR , which means w is a palindrome}. (Note that an empty string
is also a palindrome.)
(c) (9 points) L3 = {w | w = wR and w contains an equal number of 0s and 1s}.

Problem 3: Computability (15 points)
Prove that the following languages are decidable.
(a) (5 points) L1 = L, where L is a decidable language. (That is, L1 is the complement of L.)
(b) (10 points) L2 = {hRi | R is a regular expression describing a language containing at least
one string w that has 00 as a substring}.
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Problem 4: Big-O Notation (15 points)
Determine the relationship between the functions f (n) and g(n) for the following three examples. That is, state whether it holds that f (n) = O(g(n)), g(n) = O(f (n)), or if both these
statements are true (which would imply f (n) = Θ(g(n))). Explain your answers!
(a) (4 points) f (n) = n100 ,

g(n) = 2n

(b) (5 points) f (n) = log10 n, g(n) = 100 log2 n
(c) (6 points) f (n) = (2n)!,

g(n) = nn

Problem 5: Complexity (28 points)
(a) (12 points) An instance of S ET-C OVER is given by a set of elements U , a collection of m sets
S1 , S2 , · · · , Sm such that each set Si is a subset of U , and a positive integer k. The question
is, can you find a collection C containing at most k of the subsets Si of U such that taken
together, they “cover” S
all elements in U ? In other words, is there a set C ⊆ {S1 , . . . , Sm }
such that |C| ≤ k and Si ∈C Si = U ? Prove that S ET-C OVER is NP-complete. (Hint: you
may want to consider the connection between S ET-C OVER and V ERTEX -C OVER.)
(b) (16 points) Let T-SAT = {hφi | φ has at least three satisfying assignments}. Show that
T-SAT is NP-complete.

Problem 6: Logic (22 points)
(a) (8 points) Given the knowledge base KB = {¬p ∨ q → r, s ∨ ¬q, ¬t, p → t, ¬p ∧ r → ¬s},
derive ¬q from KB.
(b) (14 points) A predicate is a sentence that contains a finite number of variables and becomes a
statement when specific values are substituted for the variables. (For example, “x2 > x” is a
predicate.) The domain of a predicate variable is the set of all values that may be substituted
in place of the variable.
Let P (x) and Q(x) be predicates and suppose D is the domain of x. For each of the following pair of statements, determine whether the two statements are equivalent. If the two
statements are equivalent, no explanation is needed, if they are not equivalent, you need to
give a counterexample.
• ∀x ∈ D, (P (x) ∧ Q(x)), and (∀x ∈ D, P (x)) ∧ (∀x ∈ D, Q(x)).
• ∃x ∈ D, (P (x) ∧ Q(x)), and (∃x ∈ D, P (x)) ∧ (∃x ∈ D, Q(x)).
• ∀x ∈ D, (P (x) ∨ Q(x)), and (∀x ∈ D, P (x)) ∨ (∀x ∈ D, Q(x)).
• ∃x ∈ D, (P (x) ∨ Q(x)), and (∃x ∈ D, P (x)) ∨ (∃x ∈ D, Q(x)).
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