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CONGEST model
• LOCAL model: arbitrarily large messages 

• CONGEST model: O(log n)-bit messages



CONGEST model
• Any of these can be encoded in O(log n)-bit messages: 

‣ node identifier 

‣ number of nodes 

‣ number of edges 

‣ distance between two nodes …



• Many algorithms that we have seen use small messages 

‣ can be used directly in CONGEST:  

- Example: coloring algorithms seen in the lectures 

• There are some exceptions 

CONGEST model



Solving everything in LOCAL
• Gather the whole graph + solve the problem locally (e.g., by brute force) 

‣ O(diam(G)) rounds 

‣ See animation here:                                                                                                         
https://jukkasuomela.fi/animations/local-horizon.gif

https://jukkasuomela.fi/animations/local-horizon.gif


Algorithm Gather
• May need Ω(n2)-bit messages 

‣ Nodes have IDs from 1 to n  



• May need Ω(n2)-bit messages 

‣ Nodes have IDs from 1 to n  
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Algorithm Gather



• May need Ω(n2)-bit messages 

‣ Round 1 
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Algorithm Gather



• May need Ω(n2)-bit messages 

‣ Round 2 

v

Algorithm Gather



• May need Ω(n2)-bit messages 

‣ Round 3 

v

Algorithm Gather



• May need Ω(n2)-bit messages 

‣ Round 3,  send the adjacency matrix 

v

⌦(n2) bits
<latexit sha1_base64="2vxbyi8dFZ7BtNjCiFi5ngNdt20=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKkuVFCQYK1jYKBJ9SE2oHNdprdpOZDuIKsrCr7AwgBArn8HG3+C2GaDlSFc6Oude3XtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MriZ++4FIRSNxp8cx8TkaCBpSjLSRevaBd8PJAFXEfe3E40H0mMKAapX17LJTdaaAi8TNSRnkaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs5CWKxAiP0IB0DRWIE+Wn0wcyeGyUPgwjaUpoOFV/T6SIKzXmgenkSA/VvDcR//O6iQ4v/JSKONFE4NmiMGFQR3CSBuxTSbBmY0MQltTcCvEQSYS1yaxkQnDnX14krVrVPa3Wbs/K9cs8jiI4BEegAlxwDurgGjRAE2CQgWfwCt6sJ+vFerc+Zq0FK5/ZB39gff4A+xOWBQ==</latexit>

Algorithm Gather



• May need Ω(n2)-bit messages  

• Cannot directly be used in CONGEST 

• Exercise: gather all the graph in CONGEST in O(|E|) rounds

Algorithm Gather



• O(n) time trivial in the LOCAL model 

‣ brute force approach: Gather + solve locally 

• O(n) time non-trivial in the CONGEST model

CONGEST model



Today
• How to find all-pairs shortest paths (APSP) in O(n) time in the CONGEST 

model [Holzer, Wattenhofer] 

• Lower bound of Ω(n / log n) rounds for APSP                                  
[Frischknecht, Holzer, Wattenhofer] 

(Complexity of APSP in CONGEST: ϴ(n / log n)) 



Single-source shortest paths

3

85

1Input:



3

85

1Output: 0

1

1 2

Distances from s

Single-source shortest paths



BFS tree
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• Distances from s + shortest paths

BFS tree



All-pairs shortest paths
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Algorithm Wave
• Solves single-source shortest paths (SSSP) in time O(diam(G)) 

• Leader/source sends a message “wave”, switches to state 0, stops  

• Wave received in round t for the first time:                                                     
send “wave”, switch to state t, stop 

• In time O(diam(G)) all nodes receive the wave
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Algorithm Wave



• Wave + handshakes 

• Tree construction: 

‣ “proposal” + “accept” 

‣ everyone knows their parent & children 

• Acknowledgements back from leaf nodes

Algorithm BFS
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Algorithm BFS



• Each node creates a separate BFS process 

‣ each node v pretends to be the root 

‣ messages of the BFS started by v contain ID(v) 

• When two BFS processes “collide”, the one with the smaller root “wins” 

‣ each node only needs to send messages related to one BFS process 

• One tree wins everyone else  →  leader

Algorithm Leader



Recap until now
• SSSP: Wave algorithm 

• BFS tree: Wave algorithm + acceptance/rejections 

• Leader election: Many BFS in parallel  

• All these problems can be solved in O(diam(G)) rounds in the CONGEST 
model



• Basic idea: run Wave from each node 

• Challenge: congestion

Algorithm APSP



• Basic idea: run Wave from each node 

• Challenge: congestion 

‣ all waves parallel  →  too many bits per edge
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☜ O(n log n) bits

Algorithm APSP



• Basic idea: run Wave from each node 

• Challenge: congestion 

‣ all waves parallel  →  too many bits per edge 

‣ all waves sequentially  →  takes too long

Algorithm APSP



• Basic idea: run Wave from each node 

• Challenge: congestion 

‣ all waves parallel  →  too many bits per edge 

‣ all waves sequentially  →  takes too long 

• Solution: pipelining 

‣ all waves in parallel in such a way that each node propagates at most one 
wave per round

Algorithm APSP



Algorithm APSP



• Elect leader

Algorithm APSP



• Elect leader, construct BFS tree

Algorithm APSP



• Move token along BFS tree slowly (every 2 rounds)

Algorithm APSP



• Move token along BFS tree slowly (every 2 rounds)

Algorithm APSP



• Move token along BFS tree slowly (every 2 rounds)

Algorithm APSP



• Move token along BFS tree slowly (every 2 rounds)

Algorithm APSP



• Move token along BFS tree slowly (every 2 rounds)

Algorithm APSP



• Move token along BFS tree slowly (every 2 rounds)

Algorithm APSP



• See animation here: https://jukkasuomela.fi/apsp/

Algorithm APSP - Animation

https://jukkasuomela.fi/apsp/


Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>

y
<latexit sha1_base64="8z2BEk+WzIPGr3WNIRq9N1Opbmo=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZLUVt0V3bhswT6gDWUyvWnHTiZhZiKE0i9w40IRt36SO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mr2d++x6kYrG41VkCfkSGgoWMEm2kRtYvlhz70qt4josdu+x51WrVENd1K4a4tjNHCS1R7xffe4OYphEITTlRqus6ifYnRGpGOUwLvVRBQuiYDKFrqCARKH8yP3SKT4wywGEsTQmN5+r3iQmJlMqiwHRGRI/Ub28m/uV1Ux1e+BMmklSDoItFYcqxjvHsazxgEqjmmSGESmZuxXREJKHaZFMwIXx9iv8nLc92y7bXOCvVrpZx5NEROkanyEXnqIZuUB01EUWAHtATerburEfrxXpdtOas5cwh+gHr7RNFpI1B</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y 

• x ≠ y

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>

y
<latexit sha1_base64="8z2BEk+WzIPGr3WNIRq9N1Opbmo=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZLUVt0V3bhswT6gDWUyvWnHTiZhZiKE0i9w40IRt36SO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mr2d++x6kYrG41VkCfkSGgoWMEm2kRtYvlhz70qt4josdu+x51WrVENd1K4a4tjNHCS1R7xffe4OYphEITTlRqus6ifYnRGpGOUwLvVRBQuiYDKFrqCARKH8yP3SKT4wywGEsTQmN5+r3iQmJlMqiwHRGRI/Ub28m/uV1Ux1e+BMmklSDoItFYcqxjvHsazxgEqjmmSGESmZuxXREJKHaZFMwIXx9iv8nLc92y7bXOCvVrpZx5NEROkanyEXnqIZuUB01EUWAHtATerburEfrxXpdtOas5cwh+gHr7RNFpI1B</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y 

• x ≠ y 

• w.l.o.g. x > y

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>

y
<latexit sha1_base64="8z2BEk+WzIPGr3WNIRq9N1Opbmo=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZLUVt0V3bhswT6gDWUyvWnHTiZhZiKE0i9w40IRt36SO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mr2d++x6kYrG41VkCfkSGgoWMEm2kRtYvlhz70qt4josdu+x51WrVENd1K4a4tjNHCS1R7xffe4OYphEITTlRqus6ifYnRGpGOUwLvVRBQuiYDKFrqCARKH8yP3SKT4wywGEsTQmN5+r3iQmJlMqiwHRGRI/Ub28m/uV1Ux1e+BMmklSDoItFYcqxjvHsazxgEqjmmSGESmZuxXREJKHaZFMwIXx9iv8nLc92y7bXOCvVrpZx5NEROkanyEXnqIZuUB01EUWAHtATerburEfrxXpdtOas5cwh+gHr7RNFpI1B</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y 

• x ≠ y 

• w.l.o.g. x > y 

• d(w1, w2) ≤ (x - y) / 2
u

<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>

y
<latexit sha1_base64="8z2BEk+WzIPGr3WNIRq9N1Opbmo=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZLUVt0V3bhswT6gDWUyvWnHTiZhZiKE0i9w40IRt36SO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mr2d++x6kYrG41VkCfkSGgoWMEm2kRtYvlhz70qt4josdu+x51WrVENd1K4a4tjNHCS1R7xffe4OYphEITTlRqus6ifYnRGpGOUwLvVRBQuiYDKFrqCARKH8yP3SKT4wywGEsTQmN5+r3iQmJlMqiwHRGRI/Ub28m/uV1Ux1e+BMmklSDoItFYcqxjvHsazxgEqjmmSGESmZuxXREJKHaZFMwIXx9iv8nLc92y7bXOCvVrpZx5NEROkanyEXnqIZuUB01EUWAHtATerburEfrxXpdtOas5cwh+gHr7RNFpI1B</latexit>

 x� y

2
<latexit sha1_base64="6UDILVWRC25H+oZ+RdFqCyGlwws=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgxpBJbdVd0Y3LCvYBTSmT6aQdOnkwM5GGkF9x40IRt/6IO//G6UNQ0QMXDufcy733eDFnUtn2h1FYWV1b3yhulra2d3b3zP1yW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8yfXM79xTIVkU3qk0pv0Aj0LmM4KVlgZm2eXU9QUm2RSewjTPnHxgVmzr0qk5NoK2VXWcer2uCUKopgmy7DkqYInmwHx3hxFJAhoqwrGUPWTHqp9hoRjhNC+5iaQxJhM8oj1NQxxQ2c/mt+fwWCtD6EdCV6jgXP0+keFAyjTwdGeA1Vj+9mbiX14vUf5FP2NhnCgaksUiP+FQRXAWBBwyQYniqSaYCKZvhWSMdRJKx1XSIXx9Cv8nbcdCVcu5Pas0rpZxFMEhOAInAIFz0AA3oAlagIApeABP4NnIjUfjxXhdtBaM5cwB+AHj7RPG0JRI</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y 

• x ≠ y 

• w.l.o.g. x > y 

• d(w1, w2) ≤ (x - y) / 2 

• x ≤ y + (x - y) / 2
u

<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>

y
<latexit sha1_base64="8z2BEk+WzIPGr3WNIRq9N1Opbmo=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZLUVt0V3bhswT6gDWUyvWnHTiZhZiKE0i9w40IRt36SO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mr2d++x6kYrG41VkCfkSGgoWMEm2kRtYvlhz70qt4josdu+x51WrVENd1K4a4tjNHCS1R7xffe4OYphEITTlRqus6ifYnRGpGOUwLvVRBQuiYDKFrqCARKH8yP3SKT4wywGEsTQmN5+r3iQmJlMqiwHRGRI/Ub28m/uV1Ux1e+BMmklSDoItFYcqxjvHsazxgEqjmmSGESmZuxXREJKHaZFMwIXx9iv8nLc92y7bXOCvVrpZx5NEROkanyEXnqIZuUB01EUWAHtATerburEfrxXpdtOas5cwh+gHr7RNFpI1B</latexit>

 x� y

2
<latexit sha1_base64="6UDILVWRC25H+oZ+RdFqCyGlwws=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgxpBJbdVd0Y3LCvYBTSmT6aQdOnkwM5GGkF9x40IRt/6IO//G6UNQ0QMXDufcy733eDFnUtn2h1FYWV1b3yhulra2d3b3zP1yW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8yfXM79xTIVkU3qk0pv0Aj0LmM4KVlgZm2eXU9QUm2RSewjTPnHxgVmzr0qk5NoK2VXWcer2uCUKopgmy7DkqYInmwHx3hxFJAhoqwrGUPWTHqp9hoRjhNC+5iaQxJhM8oj1NQxxQ2c/mt+fwWCtD6EdCV6jgXP0+keFAyjTwdGeA1Vj+9mbiX14vUf5FP2NhnCgaksUiP+FQRXAWBBwyQYniqSaYCKZvhWSMdRJKx1XSIXx9Cv8nbcdCVcu5Pas0rpZxFMEhOAInAIFz0AA3oAlagIApeABP4NnIjUfjxXhdtBaM5cwB+AHj7RPG0JRI</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y 

• x ≠ y 

• w.l.o.g. x > y 

• d(w1, w2) ≤ (x - y) / 2 

• x ≤ y + (x - y) / 2 

• x ≤ y

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>

y
<latexit sha1_base64="8z2BEk+WzIPGr3WNIRq9N1Opbmo=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZLUVt0V3bhswT6gDWUyvWnHTiZhZiKE0i9w40IRt36SO//G6UNQ0QMXDufcy733BAlnSjvOh5VbWV1b38hvFra2d3b3ivsHLRWnkkKTxjyWnYAo4ExAUzPNoZNIIFHAoR2Mr2d++x6kYrG41VkCfkSGgoWMEm2kRtYvlhz70qt4josdu+x51WrVENd1K4a4tjNHCS1R7xffe4OYphEITTlRqus6ifYnRGpGOUwLvVRBQuiYDKFrqCARKH8yP3SKT4wywGEsTQmN5+r3iQmJlMqiwHRGRI/Ub28m/uV1Ux1e+BMmklSDoItFYcqxjvHsazxgEqjmmSGESmZuxXREJKHaZFMwIXx9iv8nLc92y7bXOCvVrpZx5NEROkanyEXnqIZuUB01EUWAHtATerburEfrxXpdtOas5cwh+gHr7RNFpI1B</latexit>

 x� y

2
<latexit sha1_base64="6UDILVWRC25H+oZ+RdFqCyGlwws=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgxpBJbdVd0Y3LCvYBTSmT6aQdOnkwM5GGkF9x40IRt/6IO//G6UNQ0QMXDufcy733eDFnUtn2h1FYWV1b3yhulra2d3b3zP1yW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa8yfXM79xTIVkU3qk0pv0Aj0LmM4KVlgZm2eXU9QUm2RSewjTPnHxgVmzr0qk5NoK2VXWcer2uCUKopgmy7DkqYInmwHx3hxFJAhoqwrGUPWTHqp9hoRjhNC+5iaQxJhM8oj1NQxxQ2c/mt+fwWCtD6EdCV6jgXP0+keFAyjTwdGeA1Vj+9mbiX14vUf5FP2NhnCgaksUiP+FQRXAWBBwyQYniqSaYCKZvhWSMdRJKx1XSIXx9Cv8nbcdCVcu5Pas0rpZxFMEhOAInAIFz0AA3oAlagIApeABP4NnIjUfjxXhdtBaM5cwB+AHj7RPG0JRI</latexit>



Algorithm APSP: no collisions
Claim: at each round, a node has to propagate only one wave 

• Suppose, for a contradiction that this is not the case 

• d(u, w1) = x, d(u, w2) = y 

• x ≠ y 

• w.l.o.g. x > y 

• d(w1, w2) ≤ (x - y) / 2 

• x ≤ y + (x - y) / 2 

• x ≤ y contradiction!

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

x
<latexit sha1_base64="8eyLZZzzoYD/chvz0YMSasga94Y=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadnZmKi3oBePCRgTSJYwO+lNxsw+mJkVw5Iv8OJBEa9+kjf/xslDUNGChqKqm+4uPxFcacf5sHJLyyura/n1wsbm1vZOcXfvRsWpZNBksYhl26cKBI+gqbkW0E4k0NAX0PJHl1O/dQdS8Ti61uMEvJAOIh5wRrWRGve9Ysmxz92K6xDs2GXXrVarhhBCKoYQ25mhhBao94rv3X7M0hAizQRVqkOcRHsZlZozAZNCN1WQUDaiA+gYGtEQlJfNDp3gI6P0cRBLU5HGM/X7REZDpcahbzpDqofqtzcV//I6qQ7OvIxHSaohYvNFQSqwjvH0a9znEpgWY0Mok9zcitmQSsq0yaZgQvj6FP9PblyblG23cVKqXSziyKMDdIiOEUGnqIauUB01EUOAHtATerZurUfrxXqdt+asxcw++gHr7RNEII1A</latexit>
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Algorithm APSP: runtime
• Leader + BFS: O(diam(G)) rounds 

• |E| in a BFS tree: n - 1 

• Token traverses 2 times each edge of the BFS tree 

• Total number of rounds:  

‣ 2(2(n - 1)) + O(diam(G)) ∈ O(n) rounds



Pipelining
• n operations, each operation takes time t 

• Parallel: t rounds, bad congestion 

• Sequential: nt rounds, no congestion 

• Pipelining: n + t rounds, no congestion



Lower bound for APSP

APSP requires Ω(n / log n) rounds
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Lower bound of Ω(n / log n) for computing the diameter 

                                  

Lower bound of Ω(n / log n) for APSP 

1. Show that a lower bound for computing the diameter implies the same 
lower bound for APSP 

2. Focus only on the lower bound for computing the diameter

⇩

Lower bound for APSP



From APSP to Diameter
• Given a solution for APSP, we can compute the diameter in O(diam(G)) 

rounds
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• Given a solution for APSP, we can compute the diameter in O(diam(G)) 

rounds

‣ Each node stores the maximum length of all its shortest paths in G

‣ Construct a BFS tree in O(diam(G))

‣ Leaves send their maximum distance to parent

‣ Non-leaves compute the maximum distance among their own and the ones of 
its children, send to parent



From APSP to Diameter
• Given a solution for APSP, we can compute the diameter in O(diam(G)) 

rounds

‣ Each node stores the maximum length of all its shortest paths in G

‣ Construct a BFS tree in O(diam(G))

‣ Leaves send their maximum distance to parent

‣ Non-leaves compute the maximum distance among their own and the ones of 
its children, send to parent

‣ Broadcast the value of the diameter



Diameter lower bound ⟹APSP lower bound
• Compute diameter in: T(APSP) + O(diam(G)) rounds 

• If computing the diameter requires Ω(n / log n) rounds 

                                                 ⇩ 

• APSP must require Ω(n / log n) rounds                                                                
in all graphs with diameter o(n / log n) 

‣ T(APSP) + o(n / log n) ∈ Ω(n / log n) ⇒ T(APSP) ∈ Ω(n / log n)



Diameter lower bound ⟹APSP lower bound
• Compute diameter in: T(APSP) + O(diam(G)) rounds 

• If computing the diameter requires Ω(n / log n) rounds 

                                                 ⇩ 

• APSP must require Ω(n / log n) rounds                                                                
in all graphs with diameter o(n / log n) 

‣ T(APSP) + o(n / log n) ∈ Ω(n / log n) ⇒ T(APSP) ∈ Ω(n / log n)

☜



Computing the diameter
• Computing the diameter requires Ω(n/log n) [Frischknecht, Holzer, Wattenhofer] 

• The proof uses known results from 2-party communication complexity  

‣ Studies the minimum amount of communication (number of bits) needed in 
order to compute functions whose arguments are distributed among several 
parties 

‣ Set disjointness between 2 communication parties



Set disjointness
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Set disjointness
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Set disjointness
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Set disjointness
• A, B ⊆{1, 2, … , k}

A B



Set disjointness
• A, B ⊆{1, 2, … , k}

• Output: 1 if A ⋂ B = ∅; 0 otherwise

A B



• A, B ⊆{1, 2, … , k} 

• Output: 1 if A ⋂ B = ∅; 0 otherwise 

• String of k bits: 1 in position i if the i-th element is present, 0 otherwise
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Set disjointness

k k



Alice and Bob need to exchange Ω(k) bits in order to solve set disjointness
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k k

Set disjointness



Computing the diameter: Lower bound idea
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Computing the diameter: Lower bound idea
Algorithm that computes the diameter ⟹ Solution to the set disjointness 
problem

ϴ(√k) ϴ(√k)k k



Diameter = 4 ⇒ the sets are disjoint                                                                            

Diameter ≥ 5 ⇒ the sets are not disjoint                        

ϴ(√k) ϴ(√k)k k

Computing the diameter: Lower bound idea



Diameter in o(n / log n) rounds ⇒ Diameter exchanging o(k) bits ⇒               

Set disjointness exchanging o(k) bits ⇒ Contradict the lower bound

ϴ(√k) ϴ(√k)k k

Computing the diameter: Lower bound idea



Lower bound  for computing the diameter
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Diameter = 4 if the sets are disjoint, otherwise diameter ≥ 5
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Sets are not disjoint, diameter ≥ 5
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Sets are not disjoint, diameter ≥ 5
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Sets are disjoint, diameter = 4
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• Diameter = 4 ⇒ sets are disjoint 

• Diameter ≥ 5 ⇒ are not disjoint

A B

Lower bound  for computing the diameter



A B
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Lower bound  for computing the diameter
• Diameter = 4 ⇒ sets are disjoint 

• Diameter ≥ 5 ⇒ are not disjoint



A B

ϴ(√k) ϴ(√k)ϴ(k) ϴ(k)

n = ϴ(√k)

• Diameter = 4 ⇒ sets are disjoint 

• Diameter ≥ 5 ⇒ are not disjoint

Lower bound  for computing the diameter
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A B

Lower bound  for computing the diameter
• Diameter = 4 ⇒ sets are disjoint 

• Diameter ≥ 5 ⇒ are not disjoint



Suppose we have an algorithm A for computing the diameter in time T(A, n)

ϴ(n) ϴ(n)ϴ(n2) ϴ(n2)

A B
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• Simulate A ⇒ solve set disjointness
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• Simulate A ⇒ solve set disjointness 

• 1 round of simulation of A: exchange ϴ(n log n) bits
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• Simulate A ⇒ solve set disjointness 

• 1 round of simulation of A: exchange ϴ(n log n) bits 

• Total: T(A, n) ⨉ ϴ(n log n)
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• Simulate A ⇒ solve set disjointness 

• 1 round of simulation of A: exchange ϴ(n log n) bits 

• Total: T(A, n) ⨉ ϴ(n log n) ∈ Ω (n2)
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• Simulate A ⇒ solve set disjointness 

• 1 round of simulation of A: exchange ϴ(n log n) bits 

• Total: T(A, n) ⨉ ϴ(n log n) ∈ Ω (n2) ⇒ T(A, n) ∈ Ω (n / log n)

ϴ(n) ϴ(n)ϴ(n2) ϴ(n2)

➝

➝

✉

A B

Lower bound  for computing the diameter



Summary
• LOCAL model: unlimited bandwidth 

• CONGEST model: O(log n) bandwidth 

• O(n) or O(diam(G)) time is no longer trivial 

• Example:  

‣ APSP in time O(n), pipelining helps 

‣ APSP requires Ω(n / log n) rounds


