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Representation of Polynomials
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Coefficient representation:

* Polynomial p(x) € R[x] of degree n is given by its
n + 1 coefficients ay, ..., a,:

p(x) =a,x"+ -+ a;x+ag

e Example:
p(x) = 3x3 — 15x% + 18x

e The most typical (and probably most natural) representation of
polynomials
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Representation of Polynomials
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Point-value representation:

* Polynomial p(x) € R[x] of degree n is given by
point-value pairs:

p = 1(x0, P(x0)), (x1, P(x1)), ..., (X, D (X)) }
where Xi # X; fori # J.

e Example: The polynomial
p(x) = 3x(x —2)(x — 3)

is uniquely defined by the four point-value pairs
(0,0),(1,6),(2,0), (3,0).
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Operations: Coefficient Representation
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Deg.-n polynomials p(x) = a,x™ + -+ ay, q(x) = b, x™ + -+ + b,

Addition:
p(x) + Q(X) — (an + bn)xn Tt (aO + bO)

e Time: 0(n)

Multiplication:
i
p(x) - q(x) = cppyx?™ + -+ cy, where ¢; = 2 ajb;_;
j=0
* Naive solution: Need to compute product a;b; forall0 < i,j <n
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Operations Point-Value Representation ;
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Degree-n polynomials

p = {(x0, P(x0)), e, (X, (X))}, @ = 10, q(%x0)), ., (X, q(x0)) }

* Note: we use the same points x,, ..., X, for both polynomials

Addition:
p+q = {(x0,p(x0) + q(x0)), .., (X, () + q(x5))}

e Time: 0(n)

Multiplication:
p - q ={(x0,p(x0) - q(x0)), .., (X, P () - g (x))}

e,
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Faster Polynomial Multiplication?

UNI
I

FREIBURG

ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

1 2n—1

l Evalu@t points W
2 X 2n point-value pairs (w’z‘n,p(w’z‘n)) and (w’z‘n, q(w’z‘n))

1(0int-wise multipm

2n point-value pairs (w’z‘n,p(w’z‘n)q(w’z‘n))

1 Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Properties of the Roots of Unity ;
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Principle root of unity: wy =€ /! = cc»*(wF)+ (St

(i — _1’ 82711:1)

Powers of w,, (roots of unity):

_ .0 1 N-1
e 1= wpy,wy,-., Wy

Cancellation Lemma:
e Forallintegersn >0,k = 0,andd > 0, we have:

dk k k+n k

“@ = Wy, Wy = Wy
W~
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Discrete Fourier Transform
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e The values p(w,iv) fori =0,..,N — 1 uniquely define a
polynomial p of degree < N.

Discrete Fourier Transform (DFT):

* Assume a = (ay, ..., ay—_1) is the coefficient vector of poly. p
(p(x) =ay_xVN" T+ +ayx+ay)

DFTy (@) = (zz(w%),p(w}v), ---,p(w%‘?)
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Polynomial p of degree N — 1:

m fpo(wzlfi/z) + wy 'P1(wzlfr/2) ifk < N/z
= k—N/2 k—N/2
Po (

— Wy /2 )+w,’f,-p1( Wy /2 ) ikaN/z

Po(wN/zmm ifk < N/z

o (052 )k py (0kAL2) ik 2N/,

N/2

where

N/ _
Liide @ = a4 ayx + ax?+ 4 ay_,x /271
— (odd coeft.)

@1 = a; + azx + asx® + - + ay_qx /271

Requires computing po(w,’f,/z) and wf - pl(w,'f,/z) for0 < k <V/,.
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Fast Fourier Transform (FFT) Algorithm
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Algorithm FFT(a)

* Input: Array a of length N, where N is a power of 2.
. Output

if n = 1 then return a; //a=lag]

dl% = FFT([ag, ay, ..., an- 2 ) wgee DT, (49, DFL4) rwm%

d[l] — FFT([al,a3, ey AN — 1 ca
Wy = ezni/N; W = 1; G?b(w”/)/ ?6(60'\"@/ ?0( Né>

fork—OtoN/z—ldo //a)—a),’f,

x, k+nN/2) = Ay ]@

a)—w a)N

end 0< ?“‘Jm)

returnd = [d(); dl; ey dN—l];

[ Temmm——— _____—___—
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Exam |e O= ~(T=x +o PON= S + 18
p ?0 wgzl ) CLDZ'_—_/
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¢ p(x) = 34D — 15x2 + 18x + 0,a=10,18,—-153] 3{;;/{ —

w—'FTq. ( O/ (8, *lng) Wz,: :_!
—\ LJ¢ -y
971 I, (18, 3)
Re( D= 15, lLD=IS 2N=21, 7EN=\S
TT(0-15) = (-15,1S) DI, (18,9 = @IS

THT, ()= (g(e29), 3 @), 3Cesy), pleog )
= (R 170, Ble)t L),
Q)= ) ) Refep) - L))
= (15420, IS+ IS, 11§21 (S= 15 )
= (6, 15+ 1S) —3¢ 1S~ 1)
SR
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Faster Polynomial Multiplication?
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ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at w3, wl,, ..., w271 using FFT O(u & N

2 X 2n point-value pairs (a)’z‘n,p(a)’z‘n)) and (w’z‘n, q(wlfn))

1 Point-wise multiplication ~ O( W)
2n point-value pairs @(w’z‘n)q(a)lz‘n))

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation

Convert point-value representation into coefficient representation

//?(XD
Input: (o, ¥o), «rr (Xn—1,Yn-1) With x; # x; fori # j

Output:
Degree-(n — 1) polynomial with coefficients ay, ..., a,,—1 such that

p(X()) =ag+ayxy -+ azxg 4+ .-+ an_1x(7)1—1%
p(x)) =ag+ax; +ax? +-H4a,_xPFl=y,

— 2 n—-1 __
p(xp_1) = ag+aixp_q +azx;_1+ -+ an_1X3°1 = Yn-1

- linear system of equations for ay, ..., a,,_1
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Interpolation .= (O,

Matrix Notation:

n—1
1 XO xo aO yO
1 x| [ @\ n
1 x oyl An-1 Yn-1
n-1 n-1 —

e
a)

e System of equations solvable iff x; # X; foralli #j

Special Case x; = w;:

1 1 1 1

/1 N 2 e \ / ag \ / Yo \
n n n a1 yl

1 w2 Wi . wi(n_l) ] Az | = V2

i et w0 o om0 ) \ap)  \pass/
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Interpolation
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* Linear system:

Way=>

Claim:

)

fow &1500’)0{ w

Proof: Need to show that W~1W =1,
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DFT Matrix Inverse U=, i Wy ==—
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/1 (1)7;1' w;(n—l)i\ cos w‘;”l oo
I oy
@_ T T A
\ )\ N
) W

n
\ w-f W) W-zc' W 3 ~-0t =)
—' n n (73 n w
= )k — RIS
(W w>l7 n i + n v

f I )0 2y (=N (§=0) ')

= -V-: 4 W, + W, + .4 LOV\
l - k(;—-ﬁ

= L
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DFT Matrix Inverse
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n—1
1 07D
(WIW), ) = Z
1 ifi=j
Need to show (W™W); ; {O if i # ]
Casel =j:
“t -0 0
wn — - =
(Ww),, = 2 T —w
A=o °
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DFT Matrix Inverse
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:
noloeG-0)
0))
W, = ),
£=0
Casel # j: s
w-\ . n—\ L = &9,4
(w,\) 1 -t A
¥ _ AL (w, )
([/\) {/d)l - =0 W W L=0
-1 %‘V\&l
IR R G
“ =0 % Wn Q\_—\
n(i-9)
Al S I o
B R T
(-7 = /
n{-9 W
L\)“ = (wuv - }
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Inverse DFT
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° W_l

e Wegeta=W!.yand therefore

) Yo
_ —(n-1)k
A = (1 ka . On ’ ) ' }’1
n n n n
W

a(t5,") In-1/
n_l . ~ k‘
_ 1N euy, 9 - = a0,
n J 3 =
“=o = — =0 =

~ W—\
E S A e A
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DFT and Inverse DFT
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Inverse DFT:

3|P—*

g

* Define polynomial q(x) =yo+yix+ -+ y,_q1x

n-—1.

1
ay = — q(wn )
DFT:

e Polynomialp(x) = ag + a;x + -+ a,_x™ L

Yk = (wn)
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DFT and Inverse DFT
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q(xX) =yo+yx+ -+ ypx™L, aq == q(wn ):

e Therefore: wk Lt

= W
n wn
(aO, al’ ...’an 1)

( (wﬁo)'CI(a)Tzl)’q(a%;Z)’ ;CI( —(n- 1)))
(4

:IH :IH

(wp), q(wi™), (w572, ..., q(w}))

e Recall:
DFT,(») = (q(w), 9(w}), q(wd), ..., q(wi™))

—————

=n- (aO' Ap-1,An-2, -, Ay, al)
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DFT and Inverse DFT
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e We have DFT,(y) =n-(ag, ay—1,a5—2, ...,02,01):

((DFT, ()0 ifi =0

1(DFTn(y))@ ifi =0

e DFT and inverse DFT can both be computed using FFT algorithm
in 0(nlogn) time.

* 2 polynomials of degr. < n can be multiplied in time O(n logn).
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Faster Polynomial Multiplication?
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ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at w5, w3, ..., w5~ ' using FFT %e%“>

2 X 2n point-value pairs Qa)’z‘n,p(a)’z‘n)) and (w’z‘n, q(wlfn))

1 Point-wise multiplication O

2n point-value pairs (w’z‘n,p(a)’z‘n)q(a)é‘n))

1 Interpolation usi O(W(% “)

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Convolution

More generally, polynomial multiplication algorithm computes
the convolution of two vectors:

a = (ao, aq, ., am_l)
b — (bo, bl! ""b‘l’l—l)

(CO'Clt" Cm4n- 2)

Where Cp= z a;b;
S

(i,j):i+j=k
i<m,j<n

* (, is exactly the coefficient of x* in the product polynomial of
the polynomials defined by the coefficient vectors a and b
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More Applications of Convolutions
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Signal Processing Example: (20,2, . _, 6«

=/ " 7
Assume a = (a, ..., a,_1) represents a sequence of
measurements over time

Measurements might be noise and have to be smoothed out

Replace a; by weighted average of nearby last m and next m
measurements (e.g., Gaussian smoothing):

New vector a’ is the convolution of a and the weight vector

1 2 2 2 2
-m —(m-1 -1 -1 —(m-1 -m
@-(e , e ( ),...,e ,1,e ™, ..., e ( ),e._> )

Might need to take care of boundary points...
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More Applications of Convolutions
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Combining Histograms:
e Vectors a and b represent two histograms
e E.g., annual income of all men & annual income of all women

e Goal: Get new histogram c representing combined income of all
possible pairs of men and women:

c=axb

Also, the DFT (and thus the FFT alg.) has many other applications!
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