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Edge Contractions
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* Inthe following, we consider multi-graphs that can have
multiple edges (but no self-loops)

not ok

Contracting edge {u, v}:

e Replace nodes u, v by new node w

e Forall edges {u,x}and {v, x}, add an edge {w, x}
e Remove self-loops created at node w

contract {u, v}
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Randomized Contraction Algorithm
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ﬁlgorithm: /""\O B

Ao ——

L/

while there are > 2 nodes do
contract a uniformly random edge (/4, B)
return cut induced by the last two remaining nodes

(cut defined by the original node sets represented by the last 2 nodes)

-

Theorem: The random contraction algorithm returns a minimum

cut with probability at least 2/n(n — 1). [(;)

« We showed this last week. | Z/o(hz,

Theorem: The random contraction algorithm can be implemented
in time 0(n?).

e There are n — 2 contractions, each can be done in time 0(n).
Em—

* You will show this in the exercises.
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Randomized Min Cut Algorithm
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Theorem: If the contraction algorithm is repeated Q(n2 logn)
times, one of the O(n? logn) instances returns a min. cut w.h.p.

Proof: O utAog )
n
* Probability to not get a minimum cut inac - (2) - In n iterations:
/
n
X o ‘Inn
l-x< e 1_i (2) < p-clnn _ 1
() - A
co @ 2

o Wiw, aud! Tw oue \\“\%Q‘GD\CQ

Corollary: The contraction algorithm allows to compute a minimum
cutin 0(n*logn) time w.h.p.

 Each instance can be implemented in O(n?) time.
(O(n) time per contraction)
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Can We Do Better?
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e Time O(n*logn) is not very spectacular, a simple max flow
based implementation has time OQn4 ).

However, we will see that the contraction algorithm is
nevertheless very interesting because:

1. The algorithm can be improved to beat every known
deterministic algorithm.

1. It allows to obtain strong statements about the distribution
of cuts in graphs.

Algorithm Theory, WS 2012/13 Fabian Kuhn 5



Better Randomized Algorithm
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Recall:

Consider a fixed min cut (4, B), assume (4, B) has size k_

The algorithm outputs (4, B) iff none of the k edges crossing
(A, B) gets contracted.

Throughout the algorithm, the edge connectivity is at least k

and therefore each node has degree ;ﬁk ﬂ#ﬂ*}zs z k'#‘;ﬂ

Before contraction i, there aren + 1 — i nodes and thus at
least (n +1— l)k_LZ edges o

If no edge crossing (A B) is contracted before, the probability
to contract an edge crossing (A, B) in step i is at most

(o 2

m+1—-Dk n+1-i

; I
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Improving the Contraction Algorithm
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For a specific min cut (4, B), if (4, B) survives the first i
contractions,

2
[P(edge crossing (4, B) in contractioni + 1) < -

- n—i

—

Observation: The probability only gets large for large i

Idea: The early steps are much safer than the late steps.

Maybe we can repeat the late steps more often than the early
ones.

wwbba We (am %b‘r a la@ﬁﬂ S Cess ?ﬁa. m‘m‘ Kess WNQ
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Safe Contraction Phase
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Lemma: A given min cut (4, B) of an n-node graph G survives the
——

firstyn — [ /\/— + 1} contractions, with probability > 1/,.

/
Proof: =
00 € |  PlEulEaaE)z - v
e Event 8 cut (4, B) survives contraction i P
. Probablllty that (4, B) survives the firstn — ¢ contractions:”

2, h-2 W-3 a-Y t-|
Q'%)("i%- -"'(\""{;T) = W e B S )

7 ?
Te) ?(z,zen PE, 1 nn Euecd)

Wl W el gt D)

W w1 ulu-D)
Mg+ &G &0 ¢ .
> = = .95 1
n (w-1) w (u-1) \"?L A N
>/\fz j(/Q —
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Better Randomized Algorithm
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Let’s simplify a bit:
 Pretend that n/\/f is an integer (for all n we will need it).

e Assume that a given min cut survives the first n — ”/\/E

contractions with probability > 1/,.

contract(G, t): {=5

e Starting with n-node graph G, perform n — t edge contractions
such that the new graph has t nodes. -

. > —
mincut(G): !G';" 3 P

1. X := mincut (Contract(G,n/\/i) ; T\ “—j, |

N

2. X, := mincut (contract(G,n/\/E)); no W

3. return min{X{,X,};
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Success Probability
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mincut(G): (de-aJus wdw cad W‘l'u" ?"’“L ?—'/2_
T
— 1. @= mincut (contract( G,n/ \/f)),
—2. X, '= mincut (contract(G,n/\/E));
2
3. return min{X, X, }; | — Q"@

P(n): probability that the above algorithat returns a min cut when

i

applied to a graph withn n
e Probability that X, is a

Recursion: , 4
\ Y) & y y, 2
0z | - Q - _;“?(q/{zﬂ:\’(l - YUy 4 7("?('4‘277‘-‘—?( ) -l?(/ﬁ)
o | TJ
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Success Probability  &,(/%)= -3
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Theorem: The recursive randomized min cut algorithm returns a
minimum cut with probability at least 1410&; n.

Proof (by induction on n):

so(r) 1 (Y )
P(n)-P&) 4P(\/7>'3 P(2) =1

o Ty L

‘f(o,lpa/ﬁ ((%(,/‘;\i
s
"1 iy |
_ =) el - 5 _ - ‘f+ g B
AU e gt ) g~ -“z“'” '
I I
v
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Running Time
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1. X; := mincut (contract(G,n/\/f));

2. X, = mincut(

contract(G, n/\/?)

3. return min{X,, X,};

Recursion:

);

e T(n):time to apply algorithm to n-node graphs

e Recursive calls: 2T ("/ﬁ)

duwe OG2)
/

* Number of contractions to get to "/ﬁ nodes: O(n)

T(n) =2T

S —

s~

(

n 2
ﬁ) +om),

(1
)
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T(2) = 0(1)
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Theorem: The running time of the recursive, randomized min cut
algorithm is 0 (n®logn).

Proof:
e Can be shown in the usual way, by induction onn

Remark:

e The running time is only by an O (log n)-factor slower than
the basic contraction algorithm.

 The success probability is exponentially better!
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Number of Minimum Cuts
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e Given a graph G, how many minimum cuts can there be?

e Or alternatively: If G has edge connectivity k, how many ways
are there to remove k edges to disconnect G?

* Note that the total number of cuts is large.

N—¢

’%culs & 2
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Number of Minimum Cuts
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Example: Ring with n nodes

Algorithm Theory, WS 2012/13

/
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Minimum cut size: 2

Every two edges
induce a min cut

Number of edge pairs:
(2)
2
Are there graphs with
more min cuts?
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Number of Min Cuts
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Theorem: The number of minimum cuts of a graph is at most (2)

Proof:

e Assume there are s min cuts

e Fori €{1,..,s}, define even@

C; := {basic contraction algorithm returns min cut i}

] — e ——————

* We know thatfori € {1, ..., s}: P(C) = 1/( )

e EventsCy,...,C; are disjoint°

=P (U )- zpms? — 520

-_—
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Counting Larger Cuts
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* Inthe following, assume that min cut has size A = A(G)
‘\

e How many cuts of size_l_c < a - A can a graph have?

—

e Consider a specificcut (A,B) of size < k

e As before, during the contraction algorithm:

— min cutsize> A

— H_umber of edges 2]/1 - #nodes/2 ?
— cut (4, B) remains ' as long as no edge of it gets contracted

h

e Prob. that an edge crossing (4, B) is chosen in it contraction

k 2k Zab/

— < —
#edges = A-#nodes n-—i+1
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Counting Larger Cuts
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Lemma: The probability that cut (A4, B) of size a - A survives the
first n — 2a edge contractions is at least

A (2a)! 2
nn—1)-...(n—2a+1)  n?*

Proof:
e As before, event &;: cut (4, B) survives contraction i

TUAD) survires w-l cobr.) 2

n-1la  n-2a-\ \A—'Z-rx-zrﬁ
LT S W2 e -
LG DR (260! Z

-— _— — — >/ P
W (a~) . *Qu~2oz4) QA__ O eme (W22 31) V\Zx
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Number of Cuts
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Theorem: The number of edge cuts of size at most « - A(G) in an
n-node graph G is at most $§n?¢ -

Proof:

~  Spaftc ewd (A, '57 a{ s oA swrnwe gﬂfsg w-2x condn,
w‘w f{bl? 2 %\20-(- —0 Bfa‘ai« W"JJ'C‘ 21’( "\“&5

~ fetwn a uw‘-&"‘“" raudlow rwa?w\twb et

2~
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\
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