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Number of Inversions

Formal problem:
e Given:array A = |aq, a,, as, ..., a, | of distinct elements

* Objective: Compute number of inversions /

I=]{0<i<j<n|a>q))

e Example:A=[4 ,1,5,2,7,10, 6 |
~ N—

* Naive solution:

Olu”)
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Divide and conquer

A
/ \
Af .Ar
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1. Divide array into 2 equal parts A, and A,
2. Recursively compute #inversions in A, and A,
3. Combine: add #pairs a; € Ap, a; € A, such that a; > q;

Ay a a; A,
A, > A

Algorithm Theory, WS 2013/14 Fabian Kuhn

UNI
I

FREIBURG



Combine Step
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Assume Ag and AE arg sortea = B

%C;‘i‘t Ay M‘? A,
0 0,

Pointers i and J, initially pointing to first elements of A, and A,

Ifa; <a;:
— a; is smallest among the remaining elements

— No inversion of a; and one of the remaining elements
— Do not change count

Ifa; > a;: O@ (kWQ

— a; is smallest among the remaining elements

— a; is smaller than all remaining elements in A,

— Add number of remaining elements in A, to count

Increment point, pointing to smaller element

Algorithm Theory, WS 2013/14 Fabian Kuhn 4



Combine Step

UNI

FREIBURG

* Need sub-sequences in sorted order

 Then, combine step is like merging in merge sort

* lIdea: Solve sorting and #inversions at the same time!
1. Partition 4 into two equ ts Ap and A,

2. Recursively compute\q

3. Merge A, and A, to sorted sequence, at the same time, compute

number of inversions between elements a; in A, and a; in A,

w)
X O(v(\ A\‘W\E
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Combine Step: Example

e Assume A‘{) and A, are sorted

—
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Analysis, Guessing
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Recurrence relation:

Tn)<2-T(n/2)+c-n, T(1) <c

e — 9

—

——

Repeated substitution:
/r(“ﬁ < ZT.C«/ZD + W\
< 2 (2TC) 1 %"> tew = TTCE) + Zew
< (2T08) + 5 & 2aw= 8TCR +3en

\
{

< 0T + cuwdgun & Cnllyu+ 1)
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Analysis, Alternative Guessing ;
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Recurrence relation:

Tn)<2-T(n/2)+c-n, T(1) <c

Recursion Tree:

W = S Qwn
u
W . e g 3 4+ clzan
'}/ u/ /‘r / %( C‘C b
4 A «7$ frep=an
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Analysis, Induction
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Recurrence relation:

Tn)<2-T(n/2)+c-n, T(1) <c

—_—

Verify by induction:
s TEY & an o +\)

bose: TH L Q(zQ%l +1)=C

/
wd, Sleg‘, TW < 2TCE) + <un
B

< ‘Yt (C % (»Q@ﬁ + (ﬂ Tow

v/

— Culdon  + an

o QV&CQID(SV\ + 0 D

m—
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Geometric divide-and-conquer
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Closest Pair Problem: Given a set § of n points, finc@))air of

points with the smallest distance.

Naive solution:
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Divide-and-conquer solution
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1. Divide: Divide S into two equal sized sets S, und S,.
2. Conquer: d, = mindist(S,) d, = mindist(Sp,
3. Combine:,: min{d(p,,p,) | Py € Sp, v, € S,,}a
—————— e .
return mln{dg, d,, d#r}
- <
S (&)
Y T S# T Sr
—>
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Divide-and-conquer solution <_3>—-

ZA/

1. Divide:

2. Conquer: d, = mindist(S,)

Divide S into two equal sized sets S, und S,.
d, = mmdlst(Sr

il 3. Combine: d,. = min{d(p,,p,) | vs € S;, Py € Sr}.
return min{d,,d,, d,,} +—

Computation of d{}r

S -

Sy
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d = mil’l{dg, dr}

o i doe = L
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Merge step
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1. Consider only points within distance < d of the bisection
line, in the order of increasing y-coordinates.

—_——

2. For each poir@onsider all points g within y-distance less
than d T

3. There are at most 7 such points. 1

-
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Combine step ;
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d = min{d,, dr}
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* Initially sort the points in S in order of increasing x-coordinates

O(M ,Q@[k.}

 While computing closest pair, also sort S according to y-coord.
— Partition S into S, and S, solve and sort sub-problems recursively

— Merge to get sorted S according to y-coordinates

O(w)

— Center points: points within x-distance d = min{d,, d,.} of center
— Go through center points in S in order of incr. y-coordinates

Combne X Q
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Running Time

Recurrence relation:

Tn)=2-T(n/2)+c-n, T(1) =a

[ ———— =

Solution:

e Same as for computing number of number of inversions,
merge sort (and many others...)

T(n) =0(n-logn)
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Recurrence Relations: Master Theorem i

{

Recurrence relation Ten=2T1("1%) +O(w)

T(n) =a- T(g) + f(n), T(n) =0(1) forn <ny

= — T =o()

Cases
e f(n) =0(n°), c<log,a
T(n) = O(n'°8» *)

° f(n) = .Q(nc), cC > logb a &--—'(TCUQ": 2_'(—("/27.-1- conE

T(n) = 0(f(m) -

[ ———————

e f(n) =0(n-loghn), c =log,a
T(n) = O(n°- logk@n)
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