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Faster Polynomial Multiplication?

|
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UNI

ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at points w3, W3, ..., W50 1 " |

2 X 2n point-value pairs (w’z‘n,p(w’z‘n)) and (w’zcn, q(wlfn))

l Point-wise multiplication

2n point-value pairs (w’z‘n,p(w’z‘n)q(w’z‘n))

1 Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Point-Value Representation of p, g
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e Select points xy, x4, ..., X)y—1 to evaluate p and g in a clever way

Consider the N powers of the principle Nth root of unity:

Principle root of unity: wy = e ™/n

L

(i=Vv-1 e™=1)
Powers of w,, (roots of unity): wge
_ 0 1 N-1
1= Wy, Wpy vy Wy
~—— . w8

2mik 2Ttk . . 2Tk
Note: a),'f, =e"™/N = COST-l- L-SIn—-—
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Discrete Fourier Transform
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e The values p(w,iv) fori =0,..,N — 1 uniquely define a
polynomial p of degree < N.

Discrete Fourier Transform (DFT):

* Assume a = (ay, ..., ay—1) is the coefficient vector of poly. p
(p(x) = ay_1x"" T+ +ax+ay)

DFTy(a) = (p(}), p(@h), -, P(w} ™))

ESTAN (Q,\VN&QX&COM ol b
T (QQS”&W\QW\{ '\'(NLCS;:FT?) O(M%&lq
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Faster Polynomial Multiplication?
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ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at w5, w3, ..., w5+~ ' using FFT @(\,\,&soﬂ

2 X 2n point-value pairs (w’z‘n,p(a)lz‘n)) and (wlfn: Q(wlfn)) S

1 Point-wise multiplication [ O(w) Hue

2n point-value pairs (w’z‘n,p(a)’z‘n)q(a)é‘n))

1 Interpolation l

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation
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Convert point-value representation into coefficient representation

Input: (xo, ¥0), ..., (Xn—1, Yn—1) With x; # x; fori # j
V&'—: PO Q= - - A, X "

Output: — — -
Degree-(n — 1) polynomial with coefficients ay, ..., a,,—1 such that

1

p(xg) =ag+axg +azx§ +-+ap1xi =y —
p(x) =ag+ax; +ayxi +-tapxTl=y;<

— 2 n—-1 __
p(xp_1) = ag+aixp_q +azx;_1+ -+ an_1X3°1 = Yn-1

- linear system of equations for ay, ..., a,,_1
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Interpolation
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Matrix Notation:

1 xg
1 xq
1 x,-1

SpeC|aI Case Xi = wh:

—

/ 1
1 w, w2

w% a

\1 ol 2D

xg Ao
xt1 aq
n-—1 A, _

Yn-1

(o )

%)

[ )
Y2
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Interpolation

* Linear system: vL
W-a=y = a=W71l.y
———

3 Ao Yo
l . .
Wi,j j— wTi]’ a j— . ) y p— .

Claim: wi

Proof: Need to show that W~1W =1,
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Inverse DFT
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(é‘*“' a

* Wegeta=W~"-yand therefore

) Yo
—k —-(n-1)k
ap = (1 (,()_ “n ) : y;1
= n n n )
Yn-1
n—1
1
Z}- j=0 ——-“
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DFT and Inverse DFT
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Inverse DFT:

DFT:

n—1 =
_ 1 —kj
g = —- Wy Yj T
n < —_— wem
]:
et VX
L
ar =—1q(w,")

e Polynomialp(x) = ag + a;x + -+ a,_x™ L
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DFT and Inverse DFT /}L\ _
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q(x) =y +y1x+ -+ yp_1x™ L 6 =

e Therefore: {;)v“h*“: We
(ag,ay, ..., ap_1)

1
= (qi®), a3, g7, .. q (0;"0))
T
=~ (q(), a(@p™),q(@i™), .., q(w})
e Recall:
—= DFT,(») = (q(@R), (@), g(w?), ..., q(@i™))

= n- (aO' Ap-1,An-2, -, Ay, al)

S —

e
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DFT and Inverse DFT
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e We have DFT,(y) =n-(ag, ay—1,a5—2, ...,02,01):

|
((DFT,(y)), "= ifi=0

A; = A
\ L.
| (DFT, ()i -+ ifi # 0

e DFT and inverse DFT can both be computed using FFT algorithm
in O(nlogn) time.

e 2 polynomials of degr. < n can be multiplied in time O(nlogn).
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Faster Polynomial Multiplication?
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ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

R g S ——

l Evaluation at @), W3y, ..., W58 using FFT  0(4,.)

2 X 2n point-value pairs (a)’z‘n,p(a)’z‘n)) and (w’z‘n, q(w'fn))

1 Point-wise multiplication O
2n point-value pairs (w’z‘n,p(a)’z‘n)q(a)lz‘n))
1 Interpolation using FFT O(uZTJ
—_,———

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients

Ow Qo Qaﬁ@ /
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Convolution
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e More generally, the polynomial multiplication algorithm
computes the convolution of two vectors:

S —

a = (ao,al, ...,am_l) —
b — (b(); bl) "'lb‘l’l—l) M

S

a * b = (CO’ Cl' . Cm+n—2);‘/'

where ¢, = z a;b; K

(i,j):i+j=k
i<m,j<n J
/= ——

* (, is exactly the coefficient of x* in the product polynomial of
the polynomials defined by the coefficient vectors a and b
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More Applications of Convolutions
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Signal Processing Example:

Assume a = (ay, ..., a,_1) represents a sequence of
measurements over time

Measurements might be noise and have to be smoothed out

Replace a; by weighted average of nearby last m and next m
measurements (e.g., Gaussian smoothing):

-

l——.

—

New vector a’ is the convolution of a and the weight vector

% . (e_mz, e_(m_l)z’ . 8_1, 1, 8_1, . e—(m—l)Z, e_mz)

Mightmneed to take care of boundary points...
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More Applications of Convolutions
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Combining Histograms:
e Vectors a and b represent two histograms
e E.g., annual income of all men & annual income of all women

e

e Goal: Get new histogram c representing combined income of all
possible pairs of men and women:

c=axb

e —

Also, the DFT (and thus the FFT alg.) has many other applications!

——
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