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Representation of Polynomials
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Coefficient representation:

* Polynomial p(x) € R[x] of degree n is given by its
n + 1 coefficients ay, ..., ay:

p(x) = anx@+ F+ax + ag

e Example:
p(x) = 3x3 — 15x% + 18x

e The most typical (and probably most natural) representation of
polynomials
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Representation of Polynomials
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Point-value representation:

* Polynomial p(x) € R[x] of degre@s given by
n + 1 point-value pairs:

p = (X0, P(%0)), (x1,P(x1)), -, (X, P (xn)) }

where x; # x; fori # j.

e Example: The polynomial
p(x) = 3x(x —2)(x — 3)

is uniquely defined by the four point-value pairs
(0,0),(1,6),(2,0), (3,0).
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Operations: Coefficient Representation

o5&

Deg.-n polynomials p(x) = a,x™ + -+ ay, q(x) = b, x™ + -+ + b,

Addition:
p(x) + q(x) = (an + bp)x™ + -+ + (ag + by)
(o, +ax+ g +agd) (botBix by +bC)

> Time: O(n) =a.b, ¥ (b, +abpxt (0L o g L)X+ (a b5t 2k + ab,ragb,) b

Multiplication: /

p(x) - g(x) = conx®™ + -+ + o, where ¢; =

i

* Naive solution: Need to compute product a;b; forall0 < i,j <n

. Time:@
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Operations Point-Value Representation ;
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Degree-n polynomials

p = (%0, P(x0)), .., (Kn, P(x))}, @ = (%0, 4(%0)), ..., () 9 (x0)) )

* Note: we use the same points x,, ..., X, for both polynomials

Addition:
p+a={@olp(o) + qo)), -, (o, D) + G}

e Time: 0(n)

Multiplication: Jegn=tn — waed T prints
b q= {(xo’p(x()) ' CI(xO))' ) (xn' p(xn) ) Q(xn))}ﬁ
* Time: O(Tl) O( u\/%ﬂ-) =~ O(“IS‘\)
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Faster Polynomial Multiplication?
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Multiplication is fast when using the point-value representation
N by, by,
Idea to compute p(x) - g(x) (for polynomials of degree < n):

r p, q of degree n — 1:@ coefficients

Waive o)

l Evaluation at points xg, X1, ..., X911
——————

S —

2 X 2n point-value pairs (x;, p(x;)) and (_aﬁl-, q(x;))

l Point-wise multiplication O(w) «]%ud

2n point-value pairs (x;, p(x;)q(x;))
\L l(lnterpolation} ??

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Point-Value Representation of p, g —
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e Select points xy, x4, ..., X)y—1 to evaluate p and g in a clever way

Consider th@ye_rs of the principle Nth root of unity:
Principle root of unity: wy = e’ "/ w2
(=V=1  e™=1) o3~ [ ~wi

Powers of w,, (roots of unity): wg “ wg =1
_ .0 1 N-1
1 = wy, wy, ..., Wy
wg ¥
6
Xo/ >(I} - y'U-s wB

2mik 2nk . . . 27kle
Note:w,’f,=e /N = cos ==+ i - sin— 7
N N
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Discrete Fourier Transform
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e The values p(w,"\,) fori =0,..,N — 1 uniquely define a
polynomial p of degree _<_N

N-1
a,t a,x +--. —l-aM_‘x

Discrete Fourier Transform (DFT):

. Assume@: (ay, ..., ay—1) is the coefficient vector of poly. p
(p(x) =ay_xV" 1+ +ax+ay)

;
Co

DFTy (a) := (p(f}), p(@h), .., p(w} ™))

——— e
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Example N=4
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 Consider polynomial p(x) = 3x3 — 15x% + 18x
a= (o & -5 %)

e Choose N =4

e Roots of unity:
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Example o
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e Consider polynomial p(x) = §x3 — 15x2 + 18x
e N =4, rootsofunity: wy =1, w; =i, ws = -1, w; = —i

e Evaluate p(x) at w¥:
(09, p(@9) = (1Lp(D) = 1Y)
(0} p(wd) = (Lp®) = G,
(02, @) = (-Lp(-1) = (-1,£3

(wf»P(wZZ’ ) = (=i, p(=1) = (—i

(o, &~ 3)
DFT4(a) = (f, 15 + 15i,—36,15 — 15i)

e Fora = (3,—15,18,0):
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|dea to compute p(x) q(x) (for polynomials of degree < n):

Podsaq & qoa=

p, g of degree n — 1, n coefficients

n o~
DET, ()
l Evaluation at points wgn, w%n, o w%ﬁ 1W

T

2 X 2n point-value pairs (w’z‘n,p(wlz‘n)) and (w’z‘n, q(wlzcn))

l Point-wise multiplication

2n point-value pairs (w’z‘n,p(w’z‘n)q(w’z‘n))

1 Clnterpolation )

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Properties of the Roots of Unity
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e (Cancellation Lemma:

For all integers n > 0, _]_C_Z 0, and_giz> 0, we have:

dk _  k k+n _ .k
@ wy, = Wy, (w)w’,}"—wn

° Preofi o
N —
= Ak 2T AL ARy «
AN
e ” G " >_ L
' o,
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Divide-and-Conquer Approach _@&
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* Divide p(x) of degree N —1 (W) into 2 polynomials of

degree N/Z —1 dlfferently thanin Karatsuba S algorlthm
TX= &, 1 a,x4 A% + -- + Xy, x¥ /

o po(x) = ag + arx + agx®+ -+ a,\,_sz/Z‘1 (even coeff.)
—pi(x) =a; +azx +asx®+ -+ ay_ 1xN/2"1 (odd coeff.)

({ ”'?.
?Qx)._q-fatxz-qu L N —

V-
$ax + B+ AKX o+ Ry K

VO‘) = ?O(XL) + X fb('xc)

——
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wbm: w\'.. g
—— h n
Evaluation for k = 0,..,N—-1: PO = ?o(xz) +x‘>,(x2)
p(wk)= po((W§)?) + Wi - p1((@)?) %9"%)
’ N -
po(w,’\‘,/z))+ Wy - pl(a),’f,/z) ifk < N/z
= < P nand o .
Do @/gﬁ)‘*wz’fr‘m (‘UN/;V—/Z) lkaN/Z"_
2 U . k-t
(005) =y =Wy, = Wy,
For the coefficient vector a of p(x): y
o /
DFTN(CI,) = (pO(wR//Z)' ""pO (w%;;“l) ’po((l)l(\),/z), ""pO (w%;;‘l)) P—

/j (wz%PO(w?//_z)» sy g (wxg_l) ‘ f‘i\\f],./ZPO(wz?//z)» s N Po (‘“%5_1))
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Example o) =Ta(,) 46579
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For the coefficient vector a of p(x):

DFTy(a) = (po(ch\)//z) » Po (“)11\%2 1) pO(a)I(\)//Z) »Po (wll\\%§ 1))
- (RmoCof2) om0 (03 o 2Bl 0 (/3 7)

!

— p(wg) = po(w3) + wip: (w3)
— p(w;) = po(w3) + wipr(w3)

— p(w§ )—po(w + wip1(w7)
— p(w3) = po(wz) + w;p; (w3)

Need: (po(w3), po(w3)) and (p1(w3), p1(W3))
e — e ———
(DFTs of coefficient vectors of_p_o and p,)
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Recursive Structure

For simplicity, we abuse notation in the following:

e Poly. p(x) = ay_1xV "1 + - + a, with coefficient vector a

Recursive structure:
e For N = 4:

(DFT4(p)) = p(w)
= (DFT3(P0))  1moa » + @4 ° (DFTz(pl))kmodz

e General N (assume N is even):

(DFTy(p)), = p(wy)

— (DFTN/Z (Eg))kmod v, + @ (DFTN/Z (P1))kmod Ny,

e

P
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Computation of DFT)y,
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e Divide-and-conquer algorithm for DFTy (p):

N < 1: DFT; (p) = do

O1v)

N > 1:Divide p into po (even coeff.) and p; (odd coeff).

Solve DFTy /,(po) and DFTy /, (1) recursively -

Compute DFTy (p) based on DFTy /,(po) and DFTy /5 (p;) XN)

—_—
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e T(N): max. time to compute DFTy (p):

T(N) =21(N/,) + omw),  TW=0)

e

e As for mergesort, comparing orders, closest pair of points:
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T(N) = O(N -logN)
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Small Improvement et wy = %,
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Polynomial p of degree N — 1:

( k) :PO((‘)Z/Z) + wy 'P1(wzlfr/2) ifk < N/z
p\Wy ) = _ _ .
T poleh ) et e (n) itk N
%
B fpo(wzlf//z) + wg 'P1(w1%/2) ifk < N/z
o (l272) 2y (uA5) it
'\F\, ‘ &'
w}% e“? 1:'-’2'/'1

K% ?'T‘“'“ - %) L - L /
Wy, = Q\J: =Wy ¢ % )

uL

Need to compute po(w,’f,/z) and wf - pl(w,’f,/z) for0 < k <N/,.
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p(wg) = po(w3) +\wg - p1(w3)
p(wg) = po(w3) + wg - p1(w3)

p(w}) = po(w)) @

p(wz) = po(w3) — wi - p1(@3)
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Fast Fourier Transform (FFT) Algorithm
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Algorithm FFT(a)

 Input: Array a of length N, where N is a power of 2
e Output: DFTy (a)

if n = 1 then return a; //a=lag]
d" = FFT([ag, az, -, an—2]);
d == FFT([ay, as, ..., ay-1]);
— 2T .
wy=e /N;w:=1;
fork=0toN/, —1do /] w= wk

X = w - d,El];

d; = d,[co] + X; dk+N/2 = d,[(o] — X,
W= " Wy

end;

returnd = [d(); dl; ey dN—l];

Algorithm Theory, WS 2013/14 Fabian Kuhn
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a=( o (8, -5, 9
Example L ! ; a ~——>

e p(x) =3x3—15x*+18x+0,a =[0,18,—15,3]

?“‘3 w.‘r .':/
/ \ w’f =
"o()n: ~1Sx +0O f,(x) = %x ¢4 (8
W, = )
[ 22! l
W= 21,15)
AT (= (-1515) 2(f) (, y >

S — =
Plwy) = Qo(wfl + wy g, ;)
= ~S+ 2 =+6
F104) = B,Lw;) +arg ) = 1S + 150
R(wp)= o) - wyflug)= =36
(f(w;) = &- &
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Faster Polynomial Multiplication?
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ldea to compute p(x) - g(x) (for polynomials of degree < n):

P, q of degree n — 1, n coefficients ,

Z
l Evaluation at w3y, W3y, ..., w3y using FFT Olule.) dtug

—
—

2 X 2n point-value pairs (a)’z‘n,p(a)’z‘n)) and (w’z‘n, q(a)'fn))

1 Point-wise multiplication / ) ‘Hu@

2n point-value pairs (w’z‘n,p(a)lz‘n)q(a)lz‘n))

1 h_rlterpolatioa

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients

= —
,-——f'—“

Algorithm Theory, WS 2013/14 Fabian Kuhn 23



UNI

‘P(m’: 4

FREIBURG

Interpolation

Convert point-value representation into coefficient representation

{ }
Input: (xo,yg), ooy (Xp—1,Yn—1) wWith x; # x; fori # j

Output: B
Degree-(n — 1) polynomial with coefficients&ao, ey Ay q ];uch that

l

p(xg) =ag+axg +axx§f +-+ap_xf? T Yo
p(x) =ag+ax; +ayxf +-tanxT=y

. -
p(Xn_1) =ag + QX1 + Axp_q + -+ An_1X0-1 = Ynoq

—_—

—

- linear system of equations for ay, ..., a,,_1
—_——
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Interpolation P

Matrix Notation:

n—1
1 XO xo aO yO
— = 1 X1 x;l_l al _ yl
1 x,, - 271/ \a@n-s Yn-1

* System of equations solvable iff x; # x; foralli # j «—

. W = o?
Special gase X; =\ Wp: “ "

1)

1 1 1 1

/1 N 2 e \ / ag \ / Yo \
n n n a1 yl

1 w2 Wi . wi(n_l) ] Az | = V2

\1 ont @20 . (DD ) \anr)  \vus/
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Interpolation i
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* Linear system:
W-a=y = a=

Claim:
_i]
w
Wit =—
n
(’ #—

Proof: Need to show that W~1W =1,
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DFT Matrix Inverse (), = =
l Se
1
1 a),;i w;(n—l)i\ wr]L. \
WW=1n n n w;?
- )\ e
¢ —— n
" B N ”

ne|\

Q’d"lW)‘. = l c'Oll\ wu -
§ h %
—_—

=0

(‘.:') o (¥)=)

(‘45 — (¥)=0
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DFT Matrix Inverse

/

UNI

FREIBURG

v
n-l  e(j-i)
W., ==
W=tw), ; = z -
=0
{1 ifi =j =—
0 ifi * ] +—

Need to show (W™'W); ; =

Casel =j:

-\
- ; l
— — = \
(CJ w>ii W
{=0

v

—

Algorithm Theory, WS 2013/14
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DFT Matrix Inverse :
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nol G-
W=w),; = z -
’ n
2=0 § ‘
Case i +# J: w:""‘): wl"‘___}
wl 0 ( ;-:)“
= _ l wr'? —_ _l I - w\u
QUW)‘ i “4:20(“ T Ty
~
Ow, SERES
B Sl S
W) -]

w\ \ W ('t)—‘(k) ST“
SRR
i*%% B -9
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Inverse DFT
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° W_l

e Wegeta=W!.yand therefore

ak=(1
n

3|H
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1

0

wk

n

W,

n

w;(n—l)k

n
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