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Formulation of the D&C principle
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Divide-and-conquer method for solving a
problem instance of size n:

n < c: Solve the problem directly.

n > c: Divide the problem into k subproblems of
sizes 1y, ..., Ny <N (k = 2).

Solve the k subproblems in the same way
(recursively).

Combine the partial solutions to generate a solution
for the original instance.
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Analysis
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Recurrence relation:

. T(n) : max. number of steps necessary for solving an instance of sizen

——
R ——

a

* T(m)=yTny) +--+T(ny)
+cost for divideand combine

Special case: k =2,n, =n, ="/,
 cost for divide and combine: DC(n)
c T(1)=a

* T(n) =2T(n/2) + DC(n)
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Recurrence Relations: Master Theorem
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Recurrence relation

T =a-T(7){fa) Tm) =0Q1) forn<n
— poc

TN = 27+ n
Cases L () 7')

™ M
. f(n)=0(n=;), c <logpa @

1-:(—11_) — @(nlogb a)
¢ f(n) =Q(n°), c>logya
T = O(f(m))

* f(n) = (’)(TLC . logk Tl), c =logya, k=20 T=T")+ToW)

T(n) = ©(n° - log"*'n)
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Polynomials
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Real polynomial p in one variable x:

p(x) = a0 @ +a,_x™ 1 + .. +axl + a,

Coefficients of p: ag, ay, ...,ap, ER, C
Degree of p: largest power of x in p (n in the above case)

Example:
dayL
/
p(x) = 3:9- 15x2 + 18x
Q,= 0, o= 18, a, =- S az=%

Set of all real-valued polynomialsin x: R[x| (polynomial ring)
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Operations: Addition
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* Given: Polynomials p,q € R|[x] of degree n

p(x) =a,x"+a,_x" 1+ +ax+aq
q(x) = b, x" + b,_1x" 1+ -4+ byx + by

e Compute sum p(x) + q(x):

PO + () = (@nx™ + -+ ag) + (byx™ + -+ by)
= (a, + by)x™" + -+ (a; + by)x + (ay + by)
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Operations: Multiplication
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* Given: Polynomials p,q € R|[x] of degree n

p(x) =ax™ + ap_ x4+ -+ a;x + ag
q(x) = byx™ 4+ b_1x" 1+ -+ bix + b,
C2u= QA b\q

CZu-l =Q\4\"o\»~; + a“\ﬁb“ Q
Ce = Ogl, + 2k, +0;b, 0. vab, rager

p(x) - q(x) = (apx™ + -+ ag) - (bpx™ + -+ + by)

= ConX? M+ Cyp 1 X1+ oo+ 0 x + ¢

* Product p(x) - g(x):

* Obtaining ¢;: what products of monomials have degree i?

ForOSiSZn:ﬁz?djﬁlfj

—

J=0

where a; = b; = 0 for i > n.
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Operations: Evaluation a.x' + o
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* Given: Polynomial p € R|x] of degree n

p(x) =ax™ +a,_ x4+ -+ a;x + ag

* Horner’s method for evaluation at specific value x;:

p(xo) = (. ((apxo + an_1)xg + Ap_z)xg + =+ + ag)xg + ag

e Pseudo-code:

p = ay;l:=n,
while (i > 0) do

1 =1—1;
P =P Xyt Qq
end

* Running time: 0(n)

7
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Representation of Polynomials

Coefficient representation:

* Polynomial p(x) € R[x] of degree n is given by its
n + 1 coefficients ay, ..., a,:

p(x) =a,x"+ -+ a;x + ay

 Example:
p(x) = 3x3 — 15x% + 18x

 The most typical (and probably most natural) representation of
polynomials
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Representation of Polynomials
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Product of linear factors:

* Polynomial p(x) € C[x]of degree n is gi\éen by its n roots
&

pﬁ):ﬁ-(x—xl)-(x—xbz/)-...-(x—xn)

 Example:
p(x) = 3x(x —2)(x — 3)

* Every polynomial has exactly n roots x; € C for which p(x;)
— Polynomial is uniquely defined by the n roots and an

* We will not use this representation...

Algorithm Theory, WS 2015/16 Fabian Kuhn
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Representation of Polynomials
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Point-value representation:

* Polynomial p(x) € R[x] of degree n is given by
n + 1 point-value pairs:

—_—

p = {(iC-O, 252)))) (921 p(xl))r " (x_zr p(xn))}

where x; # x; fori # j.

 Example: The polynomial
/
p(x) =3%(x —2)(x — 3)

is uniquely defined by the four point-value pairs

(0,0),(1,6),(2,0),(3,0). (4, 24)
\ \ | /
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Operations: Coefficient Representation
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Deg.-n polynomials p(x) = a,x™ + -+ ay, q(x) = by,x™ + --- + by

Addition: (@t x!
p(x) T+ C[(X) — (an + bn)xn paliie o (aO + bO)

e Time: 0(n)

Multiplication:

i
p(x) - q(x) = cpx?™ + - + g, where c¢; = Z@
j=0

* Naive solution: Need to compute product a;b; forall0 < i,j <n

e Time: 0(n?)
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Operations Point-Value Representation ;
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Degree-n polynomials , P P
D = (G, D0)), e, o D))} @ = {(o, 4(XD),s s (K G06)))

* Note: we use the same points x,, ..., x,, for both polynomials

Addition:
p+q = {(x0, p(x0) + q(x0)), ..., Cxn, p(x) + q(x))}
* Time: 0(n)

Multiplication:
p - q ={(xo,p(x0) - q(x0)), ..., (X2n, P(x20) - G (x21))}

Sp——

* Time: 0(n)
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Faster Multiplication?

Q) oney By
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Multiplication is slow (@(nz)) when using the standard

coefficient representation

Try divide-and-conquer to get a faster algorithm

Assume: degreeisn — 1, nis even

Divide polynomial p(x) = a,_1x™" 1 + -+ a4 into 2

polynomials of degree "/, — 1:
po(x) = an/z_lxn/z‘1 + 4 a

p1(x) = a‘n—1xn/2_1 + e+ any,,

p(x) = py (%) - x /2 + po(x)

P ————

Similarly: g(x) = g1 (x) - x 72 + qo(x)
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Rulxy = e+ T
PO =3x -2
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Use Divide-And-Conquer
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 Divide:

p(x) =p1(x) - x /2 +po(x), q(x) =g (x) - x"

L, > _

~
N
_I_
)
(@)
N\

N

* Multiplication:
p(x)q(x) = p1(x)q:(x) - x™ +

(Do (x)g1(x) + p1(x)qo (X)) - x' /2 + po(x) o (x)

* 4 multiplications of degree "/, — 1 polynomials:
L [o;z‘f=2
_ n
T(n) _z_%T( /) +0(@)

* Leadsto T(n) = O(n?) like the naive algorithm...
— follows immediately by using the master theorem
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More Clever Recursive Solution
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A
e Recall that

p(x)q(x) = p;(x)q;(x) - x™ + )
(po(x)qy (x) ‘+ pl(X)qO(xz)J- x /2 + Bo(ngo(x)g

B
.+ Compute 7(x) = (o) + P1 (X)) O(go (%) + 41 ()):
o - ?& — W ]
dgg‘\‘ 2 &er ‘i'—\
— D) 009,00 +R612,6) + Poaqd) = A+Btc
rOA = Do) Ry +& 4 :‘R”‘%j} E 2"
C B
R=ttxy- A-C
i f
| wald, Twak,  Lwald,
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* Recursive multiplication:

r(x) = (po(x) + p1(x)) L(qo(x) + g1(x))
p(x)q(x) = P1(x)._CI1(X) - x"
T (r_(x) — Po(x)qo(x) + p1(x)fl1(x)) . x' /2
+ Po(x)_%(x)

* Recursively do 3 multiplications of degr. (*/, — 1)-polynomials

—

T(n) = 3T(n/2) + 0(n)

%43
e Gives: T(n) = 0(n*>?) (see Master theorem)
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Multiplication is fast when using the point-value representation

Idea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients ﬁ@. P hoose x,.. %,

haively tvel
l Evaluation at pomtm m O(U\z)

2 X 2n point-value pairs (xl,p(xl)) and (xl, q(x;))

l Point-wise multiplication )0(»()

2n point-value pairs (x;, p(x;)q(x;))
l Interpolation 2 277

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients

Algorithm Theory, WS 2015/16 Fabian Kuhn 18



UNI

Reminder Complex Numbers

FREIBURG

X= —| c={-v

b-{ ab <R
A

(WA,

rea (
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Point-Value Representation of p, q
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* Select points xg, X1, ..., Xy—1 to evaluate p and g in a clever way

Consider the N powers of the principle Nth root of unity:

.. . 2mi
Principle root of unity: wy = e /N 2
(i = V-1, e2ml — 1) w ' wflg

Powers of wy (roots of unity): wg‘ wg =1
1=owY wy, .., ol 1
« w ‘
8 6
Wg

2mik 2Tk . . 2Tk
Note: a),’f, =e™/N = COST-l- L - SIn—-—

—

Algorithm Theory, WS 2015/16 Fabian Kuhn 20

FREIBURG



Discrete Fourier Transform

UNI

FREIBURG

* The values p(a),"v) fori =0,...,N — 1 uniquely define a
polynomial p of degree < N.

Discrete Fourier Transform (DFT):

* Assume a = (ay, ..., ay—1) is the coefficient vector of poly. p
(p(x) = ay_1x" "t + -+ a1 x + ap)

~ DFTy(@) = (p(wf), p(wh), .., p(w) D))

Algorithm Theory, WS 2015/16 Fabian Kuhn
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Example
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* Consider polynomial p(x) = 3x3 — 15x% + 18x
(e)= 6 ‘

P(w;): P(:) = lg + (£

plwg) =pl-N= -3

f(w?gv.: f(—;) = lg *Ig‘

e Choose N =4

* Roots of unity: wl =i m

Tl (g 18, ~15,30)= (&, 1653, =36, 15-15)
— R
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* Consider polynomial p(x) = 3x3 — 15x% + 18x

e N =4, rootsofunity: wi = 1,w; =i, wf = —1, w; = —i

* Evaluate p(x) at wk:
(09, p(wD) = (Lp(D)) = (1,6)
(0kp(@d) = (L p(®) = (1,15 + 150)
(02, p(@D)) = (-Lp(-1)) = (-1,-36)
(03, p(@})) = (=i, p(~D)) = (i, 15 - 150)

* Fora =(0,18,—15,3):
DFT,(a) = (6,15 + 15i,—36,15 — 15i)

Algorithm Theory, WS 2015/16 Fabian Kuhn

23



Faster Polynomial Multiplication?
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at points wgn, w%n, ey w%ﬁ_l

2 X 2n point-value pairs (wlz‘n,p(a)lz‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication

2n point-value pairs (w’z‘n,p(wlz‘n)q(a)’z‘n))

l Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients

Algorithm Theory, WS 2015/16 Fabian Kuhn 24



Properties of the Roots of Unity - .°
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e (Cancellation Lemma:

For all integersn > 0, kK = 0, and d > 0, we have:

® Wik =wk, w ok =k (/
 Proof: %
Wy =€
o Ak wisth —
di g . “
(#) W, = e") -=e_”e = (Q ).—-w.‘
L
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Divide-and-Conquer Approach
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* Divide p(x) of degree N — 1 (N is even) into 2 polynomials of
degree V/, — 1 differently than in Karatsuba’s algorithm

s [po(x) = ag + ayx + a,x? + -+ ay_,x 7271 (even coeff.)
pi(x) = a; + azx + asx® + -+ aN_lxN/Z"l (odd coeff.)

Ne2
POO = A, a,¢ taxf .-+ a, X

K—1
—\- C(‘X < 037( - QS-X + - au"l

P = TlX) X Po)
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Discrete Fourier Transform  p(w,/
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prer = Rul) +x P C x*)

(@©5)= W=,
p(wy) = po((wy)?) + wy - p1((wN)?) _ e

]

po(w,’f,/z)+w,’§ ifk <N/,
— —

po (w7 3?) + 0l o1 (0 n?) ik =N/,

Evaluationfork =0, ..., N — 1:

For the coefficient vector a of E&x):

N/2-1

DET.(a) = (po(w,?,/z) ., Do (wl’:,’g 1) pO((U](\)//z) .y Po (a)N/z ))

+<a)1?,p1(a)g,/2) x/z 1p1 (w%-l) N/zp‘]=(=”-‘l) wN 201 (w%g 1))

?O( wf/z) — wlues o WN,Z(W@"?%
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For the coefficient vector a of p(x):

N/2-1

DFTy(a) = (po(w,?,/z), > Do (wzv/z );Po(wg//z), s Do (w%-l))

+ (‘Uz(\)/m (wzc\)//z)' o

N/2-1
L Wy

pr (wrs )

N/2

)a)N

p1(wp /3), s N D1 (a)

_ p(w?) = po(w3) + wip; (w3)
— p(wg) = po(w3) + wipy(w3) <—
— p(wg) = po(w)) + wip;(w3)
_op(3) = po(w3) + wip; (w3)

Need: (po(w3), po(w3)) and (p1(w3), p1(w3))
(DFTs of coefficient vectors of py and p)

Algorithm Theory, WS 2015/16
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Recursive Structure
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For simplicity, we abuse notation in the following:

e Poly. p(x) = ay_1xV "1 + --- + a, with coefficient vector a

Let DFTy (p) := DFTy(a)

Recursive structure:
* For N = 4:
(DFT, (), = p(w5) {
T = (DFTZ (pO))k mod 2 + wi( . (D__F_Tz_ﬂgl))k mod 2

 General N (assume N is even):
(DFTN(p)), = p(wy)

/
= (DFTN/Z (po)) + wp - (DFTN/Z (P1))

k mod?V/, kmod V/,
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Computation of DFTy,

* Divide-and-conquer algorithm for DFTy (p):

e

N < 1: DFT,(p) = a ) 5y
N > 1: Divide p into p, (even coeff.) and p, (odd coeff).

Solve DFTy /,(po) and DFTy /,(p,) recursively

Compute DFTy (p) based on DFTy /,(po) and DFTy /, (p1)2 Ow)

Algorithm Theory, WS 2015/16 Fabian Kuhn 30
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Analysis
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 T(N):time to compute DFTy (p):

T(N) =21(N/,)+o(N),  T(1) =0(1)

* As for mergesort, comparing orders, closest pair of points:

Algorithm Theory, WS 2015/16

T(N) =0(N -logN)

Fabian Kuhn
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Small Improvement o= _w" ™"
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Polynomial p of degree N — 1:

() po(w,’f,/z)+w’,f,-p1(wkﬂl42[ ifk<N/2
pP\wy ) = o _ _ _
po (wpss”?) + b -pa (i p”?) | itk 2N,
(po(w5) + @l - pr(w /) itk <N/,
= kK—N/2 kK—N/2 k—N/2 . N
o (‘“N/z )_‘”N_‘ b1 (‘“IWT) ik ="/

M
(/0,%; é P' (wt/z’>

Need to compute po(w,’\‘,/z) and wk - pl(w,’\‘,/z) for0 < k <N/,.
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p(wg?) = po(w3) + Wy
p(wz) = po(w3z) + w;
p(w2) = po(w3) = Wy

p(w3) = po(w3) = w;

Algorithm Theory, WS 2015/16 Fabian Kuhn
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- pr(w3)
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Fast Fourier Transform (FFT) Algorithm
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Algorithm FFT(a)
* Input: Array a of length N, where N is a power of 2
* OQutput: DFTy(a)

if n = 1 then return a; [/ a=lag]
d'% == FFT([ag, az, ..., ay—2]);
dltl == FFT([ay, as, ...,ay_1]);
o mif
wy=e 'N;w:=1;
fork=0toN/, —1do /] w = wf

X ' =w - d,[(l];

d; = dl[co] + X dyyn/2 = dl[cO] — X
W= Wy

end;

returnd = |dy, d4, ..., dN_1];

Algorithm Theory, WS 2015/16 Fabian Kuhn
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