Example
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p(x) =§x3 — 15x% + 18x + 0, a = [0,18,—15,3]

piN= ~ISx +0 / \/ P =3 +8

T

TooM= () R =-IS Pis=18 ™ =3
R03) = 7LD + 3 7, 07) = IS
Plw,) = Poo 01 = WP P (020 = IS

P =pqwl + wy P, (w?) :Zl
P(w) = R w ) = wlp W = IS

W, = Pol ;) + WG P (Wy) = =S 216

|

plwy) = P (10)) + Wy (L) = HT AL

p(wy) = Pelw) — wip ;) = - 152 = —-36

F0Q) = puwa) = Wy prw;) = 1§ - IS
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Faster Polynomial Multiplication?
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at w>,,, w3, ..., w57 ! using FFT  Olub~)

2 X 2n point-value pairs (w’z‘n,p(wé‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication O(u)

2n point-value pairs (w’zcn,p(a)’{n)q(w'{n))

l unterpolation X

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation

Convert point-value representation into coefficient representation
f )/‘/“‘/ ym3 ;X

InPUt: (Xo, yO); LN (Xn_1, y‘n—l) with Xi # xj for i :/:]
E  —4 - —

Output:
Degree-(n — 1) polynomial with coefficients a, ..., a,,_1 such that
[~ _
p(xg) =aptarxy +axxg +tapxg =y,
p(x1) =agtax; +axxi +-tapxiTt=y

L P(Xn_1) = Qg+ QX1 + Axp_q + -+ An_1X0-1 = Ypq

- linear system of equations for ay, ..., a,_1
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Interpolation v 2
Matrix Notation: V/ / J

1 x, - x2 ay Yo

1 x; o oxtt . a.l _ }’.1

1 x,q - x0°1 An-1 Yn-1

* System of equations solvable iff x; # x; forall i # j

Special Case x; = w’:

—

/ 12 7}_1 \ / g \ / Yo \
1 a)n a)n wn a1 yl
wn w;}‘l coe a)fl(n_ 1) . a:Z = :y.z

\1 a)" . ‘_cgflﬁti‘ w?S"‘i)("‘lj \an_1/ \3%—1/
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Interpolation

* Linear system: J
W-a=y a=WwW=1.y
Ao Yo
Wi,j = (1)7':"], a = , y =
An-1 Yn-1
Claim:
w
-1 _ %n
-

Proof: Need to show that W ~1W =,
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DFT Matrix Inverse W, = = w=«/
oL t\b /1 a),{i w;(n—l)i\ / wé. \
wiw=|n T 7 T a4 | Wy’
\ )\ oo
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DFT Matrix Inverse
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n_lw{’(j—i)
W=tw), ; =Z L
n
=0
1 ifi=j
0 ifi#]

Need to show (W™'W); ; = {“

Casei = j:

B | L= weﬂo /
S e = n -
(Wl = 22
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DFT Matrix Inverse
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n-1 (i)
(W_lw)u — z nn
=0
Casei # j: =!

1) =0 (/\92.& — )
—_— -
?om"-‘\\(

e s
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Inverse DFT
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w;(n_l)k <(&)- ‘) =

_y_ and therefore

(,()7; (Tl—l)k

n
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DFT and Inverse DFT

Inverse DFT: (\w-k)i

gy T

n-—-1.

SIH

* Define polynomial g(x) = yy + yix + -+ y,,_1x

\

1 ¥ )
k_ﬁ'CI((Uﬁk) W, =@,

A, =
=

DFT:

 Polynomial p(x) = ag + ayx + -+ a,_1x" 1L

Vi = p(wy)

'gd/ "/ 9!«.—'
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DFT and Inverse DFT
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q(x) =yo+y1x+ -+ yp_x™ Ay == CI(CUn )
e Therefore:
(Cjo»ab "'!an 1)1
= 0 1 —(n-1)
. (@i, a@i), q@i?), -.rq (0" 70))
1 1 1
E (Q(wn) Q(wn ) Q(wn ) ;Q(wn))
1
e Recall:

DFT,(¥) = (q(w)), g(wd), q(wd), ..., g(wp™))

Algorithm Theory, WS 2016/17

= n-

—

(aO' Ap—-1,An-2, -, Ay, al)
= \

Fabian Kuhn

11



UNI
FREIBURG

DFT and Inverse DFT

* We have DFT,,(y) =n - (ag, a1, ay—2, ..., 03, a1):

1
—+ (DFT,(¥))o if i =0
a; = 9 )
- 5 OFL(Mni ifi# 0

DFT and inverse DFT can both be computed using FFT algorithm

in 0(nlogn) time.

* 2 polynomials of degr. < n can be multiplied in time O(nlogn).

12
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Faster Polynomial Multiplication?
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at w>,,, w3, ..., w57~ ! using FFT

2 X 2n point-value pairs (w’z‘n,p(wé‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication

2n point-value pairs (w’zcn,p(a)’{n)q(w'{n))

l Interpolation using FFT

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
a(u ﬁ@&«. Q&gﬂp u)
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Convolution
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* More generally, the polynomial multiplication algorithm
computes the convolution of two vectors:

a — (ao, aq, ...,am_l)
b — @), bl' ---»bn—l)

ax*xb = (Co; C1y vy Cm+n—2):

where ¢, = z a;b;
= (G)itj=k —
i<m,j<n

* (, is exactly the coefficient of x* in the product polynomial of
the polynomials defined by the coefficient vectors a and b

Algorithm Theory, WS 2016/17 Fabian Kuhn 14



More Applications of Convolutions
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Signal Processing Example:

e Assume a = (ao, ...,an_l) represents a sequence of
measurements over time

 Measurements might be noisy and have to be smoothed out

* Replace a; by weighted average of nearby last m and next m
measurements (e.g., Gaussian smoothing):

I+m

1 .
==Z Z aje_(l_])z

j=i—m

e ~

* New vector a’ is the convolution of_g and the weight vector

% . (e—mZ’ e—(m—l)z’ . 3_1’ 1, e_l, ) 8_(m_1)2; e"mz)

—_—

* Might need to take care of boundary points...
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More Applications of Convolutions

a, a,

|

* Vectors a and b represent two histograms —,

X2

Combining Histograms:

* E.g., annual income of all men & annual income of all women

* Goal: Get new histogram c representing combined income of all
possible pairs of men and women:
c=ax*bh

——
=

Also, the DFT (and thus the FFT alg.) has many other applications!
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DFT in Signal Processing . co) + istt)
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Assume that y(0),y(1),y(2), ..., y(T — 1) are measurements of a
time-dependent signal. o

Inverse DFTy of (y(O), ., V(T — 1)) is a vector (cg, ..., Cy_1) S.t.

N—-1 =
— /Zﬂi'k \ L N=T"
Y(t)=zckv€ N \/(“DZD
o k=0 =
T—1
_z 27T-kt+,_ 27T°kt
= czk CoS N [ sin m
k=0 -

* Converts signal from time domain to frequency domain

* Signal can then be edited in the frequency domain
— e.g., setting some ¢, = 0 filters out some frequencies
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