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Examples

Dictionary:

• Operations: insert(key,value), delete(key), find(key)

• Implementations:
– Linked list: all operations take 𝑂(𝑛) time (𝑛: size of data structure)

– Balanced binary tree: all operations take 𝑂 log𝑛 time

– Hash table: all operations take 𝑂(1) times (with some assumptions)

Stack (LIFO Queue):

• Operations: push, pull

• Linked list: 𝑂(1) for both operations

(FIFO) Queue:

• Operations: enqueue, dequeue

• Linked list: 𝑂(1) time for both operations

Here: Priority Queues (heaps), Union-Find data structure
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Dijkstra’s Algorithm

Single-Source Shortest Path Problem:

• Given: graph 𝐺 = (𝑉, 𝐸) with edge weights 𝑤 𝑒 ≥ 0 for 𝑒 ∈ 𝐸
source node 𝑠 ∈ 𝑉

• Goal: compute shortest paths from 𝑠 to all 𝑣 ∈ 𝑉

Dijkstra’s Algorithm:

1. Initialize 𝑑 𝑠, 𝑠 = 0 and 𝑑 𝑠, 𝑣 = ∞ for all 𝑣 ≠ 𝑠

2. All nodes are unmarked

3. Get unmarked node 𝑢 which minimizes 𝑑(𝑠, 𝑢):

4. For all 𝑒 = 𝑢, 𝑣 ∈ 𝐸, 𝑑 𝑠, 𝑣 = min 𝑑 𝑠, 𝑣 , 𝑑 𝑠, 𝑢 + 𝑤 𝑒

5. mark node 𝑢

6. Until all nodes are marked
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Implementation of Dijkstra’s Algorithm

Dijkstra’s Algorithm:

1. Initialize 𝑑 𝑠, 𝑠 = 0 and 𝑑 𝑠, 𝑣 = ∞ for all 𝑣 ≠ 𝑠

2. All nodes 𝑣 ≠ 𝑠 are unmarked

3. Get unmarked node 𝑢 which minimizes 𝑑(𝑠, 𝑢):

4. For all 𝑒 = 𝑢, 𝑣 ∈ 𝐸, 𝑑 𝑠, 𝑣 = min 𝑑 𝑠, 𝑣 , 𝑑 𝑠, 𝑢 + 𝑤 𝑒

5. mark node 𝑢

6. Until all nodes are marked
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Priority Queue / Heap

• Stores (key,data) pairs (like dictionary)

• But, different set of operations:

• Initialize-Heap: creates new empty heap

• Is-Empty: returns true if heap is empty

• Insert(key,data): inserts (key,data)-pair, returns pointer to entry 

• Get-Min: returns (key,data)-pair with minimum key

• Delete-Min: deletes minimum (key,data)-pair

• Decrease-Key(entry,newkey): decreases key of entry to newkey

• Merge: merges two heaps into one
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Implementation of Dijkstra’s Algorithm

Store nodes in a priority queue, use 𝒅(𝒔, 𝒗) as keys:

1. Initialize 𝑑 𝑠, 𝑠 = 0 and 𝑑 𝑠, 𝑣 = ∞ for all 𝑣 ≠ 𝑠

2. All nodes 𝑣 ≠ 𝑠 are unmarked

3. Get unmarked node 𝑢 which minimizes 𝑑(𝑠, 𝑢):

4. mark node 𝑢

5. For all 𝑒 = 𝑢, 𝑣 ∈ 𝐸, 𝑑 𝑠, 𝑣 = min 𝑑 𝑠, 𝑣 , 𝑑 𝑠, 𝑢 + 𝑤 𝑒

6. Until all nodes are marked
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Analysis

Number of priority queue operations for Dijkstra:

• Initialize-Heap:

• Is-Empty:

• Insert:

• Get-Min:

• Delete-Min:

• Decrease-Key:

• Merge:

𝟏
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|𝑽|

|𝑽|
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Priority Queue Implementation

Implementation as min-heap:

 complete binary tree,
e.g., stored in an array
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Priority Queue Implementation

Implementation as min-heap:

 complete binary tree,
e.g., stored in an array

• Initialize-Heap:

• Is-Empty:

• Insert:

• Get-Min:

• Delete-Min:

• Decrease-Key:

• Merge (heaps of size 𝑚 and 𝑛, 𝑚 ≤ 𝑛):

𝑶(𝟏)

𝑶(𝟏)

𝑶 𝐥𝐨𝐠𝒏

𝑶(𝒎 𝐥𝐨𝐠𝒏)

𝑶 𝟏

𝑶 𝐥𝐨𝐠𝒏

𝑶 𝐥𝐨𝐠𝒏
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Can We Do Better?

• Cost of Dijkstra with complete binary min-heap implementation:

𝑂 𝐸 log 𝑉

• Binary heap:
insert, delete-min, and decrease-key cost 𝑂(log 𝑛)
merging two heaps is expensive

• One of the operations insert or delete-min must cost Ω(log 𝑛):
– Heap-Sort:

Insert 𝑛 elements into heap, then take out the minimum 𝑛 times

– (Comparison-based) sorting costs at least Ω(𝑛 log 𝑛).

• But maybe we can improve merge, decrease-key, and one of the 
other two operations?


