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Polynomials

Real polynomial p in one variable x:

 Coefficient representation: Polynomial p(x) € R[x] of
degree n — 1 is given by n coefficients:

p(x) = ap_1x™1 + L+ axt + a

— Coefficients of p: ay, a4, ...,a, € R
— Degree of p: largest power of x in p (n — 1 in the above case)

 Point-value representation: Polynomial p(x) € R[x] of
degree n — 1 is given by = n point-value pairs:

p = {(XO' p(xO))) (Dﬁl) 2?=(=3(f1)), "t (xn—l' p(xn—l))}

where x; # x; fori + j

N
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Operations on Polynomials
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Cost depending on representation:
|

Coeffg'cient Roots Point-Value
Evaluation 0(\’11) 0(n) 0(n?)
Addition %_n) 00
Multiplication LO@)W 0(n)
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Faster Polynomial Multiplication?
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Multiplication is fast when using the point-value representation

Idea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

( l Evaluation at points‘xo,xl, ciiy Xop—2 !

2 X 2n point-value pairs (xi,p(xi)) and (xl-, q(xl-))

l Point-wise multiplication

2n point-value pairs (x;, p(x;)q(x;))
l Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Coefficients to Point-Value Repre entatlon ;
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Goal: Compute p(x) for all x in a given set X of size |;(| =N

* Divide p(x) of degr. N — 1 into 2 polynomials of degr. v/, — 1

—=po(y) = aq + ay + a4y + o+ ay_oy N/p=1 (even coeff.)
—p(y) = a; +azy + a5y + -+ ay_1y N1 (odd coeff.)

Let’s first look at the “combine” step:

g X=7W <]
Vx€X: p(x)=po(x?) +x-pi(x?)
* Recursively compute po(y) and p;(y) forally € X?
— Where X? := {x? : x € X} . )
= = 1{‘ VS @OQ%\LIQ. %-D \Xl
 Generally, we have | X?| = |X| S‘* IX7) = B
-_—
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Choice of X
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* Select points xg, X1, ..., Xy—1 to evaluate p and g ip a clever way
WA

Consider the N complex roots of unity:

[] [} L] 2 J
Principle root of unity: wy = e /N 2
—_— 8

(i=v-1, €™ =1)

Powers of wy (roots of unity): wg wg =1
1=owY wy, .., ol 1
w
8 6
Wg

2mik 2Tk . 2Tk
Note: a),’f, =e™/N = cos—+l SIn—-
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Properties of the Roots of Unity
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Claim: If X = {ka i €10,..,2k — 1}}, we have

i | X]|

X' ={wjie(0,.. k1)), [x}| ="
| X) y X, %)
)(/ lyl’ Z ‘XP" :T
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Faster Polynomial Multiplication?
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at points wgn, w%n, ey w%ﬁ_l

2 X 2n point-value pairs (w’z‘n,p(wlz‘n)) and (w’zcn, q(a)’z‘n))

l Point-wise multiplication

2n point-value pairs (w’z‘n,p(wé‘n)q(w’gn))

1 Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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’Pb‘vb sunel v( Se f\) ?0‘4; ‘T r
T(uX) = 2 T(%, Xz) + 6(p+1xl)
/bﬁ—_-“_

‘ X% = 5t
catsizu  Solwes 2

Duly) ool y< x*

7 gy X ~
G |
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Discrete Fourier Transform
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* The values p(a),"v) fori =0,...,N — 1 uniquely define a
polynomial p of degree < N.

Discrete Fourier Transform (DFT): 3
* Assume a = (ay, ..., ay—1) is the coefficient vector of poly. p
(p(x) = ay_1xVN "+ o+ ax + ag)

DTy (@) = (p(a). Pk, - pCa-)
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Example a=C0, 18,-1s, 3)
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* Consider polynomial p(x) = 3x3 — 15x% + 18x

e Choose N =4

—

* Roots of unity: wi =i = 1SS\
pl-1):-3-5 -8 = -36 T =%
vi= 1] | of=1

S )3 -8
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Example
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* Consider polynomial p(x) = 3x3 — 15x% + 18x

e N =4, rootsof unity: wl = 1,w; =i, wf = —1, w; = —i

* Evaluate p(x) at wk:
(w8 p(@) = (1,p(1) = (L6)
(b p@d)) = (i,p(®) = (i, 15 + 150)
(02, p(@D)) = (-Lp(-1)) = (-1,-36)
(03, p(@})) = (=i, p(~D)) = (i, 15 — 150)

* Fora =(0,18,—15,3):
DFT4(a) = (9, 15 + 15i,—36,15 — 15i)
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DFT: Recursive Structure oen=po?) +x7,
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Evaluationfork =0, ..., N — 1: (w;) "% "’z
p(wy) = po((W§)?) + wy - p1((wK)?)
= 4 [ _
_ po(“’;\c//z) + wy - P1(wzlf/42 < ifk < N/z
po (wy7n/?) + 0 -y (whp?) itk 2N/,

For the coefficient vector a of p(x):

DFTy(@) = (Po(@/2)r - po (03 ™) po(@/2)s w0 (03 7))

(8P (0/2). - 02y (W27), s (0 2), ok (w27

’
QW) (W, )
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Example
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For the coefficient vector a of p(x):

DFTy(a) = (Po(wg//z)r (wﬁ,’ﬁ_l);Po(w%/z) s Do (wxﬁ_l))

(081082 o (), 0N 201 (08 2), s (27

—p(wy) = po(w3) + wip; (w3)<—
p(wg) = po(w3) + wip; (w3)
P(CU4) = po(w3) + wipi (w3)
p(w3) = po(w3) + wip1(w3)

Need: (Po(wz) Po(wz)) and (P1(CU );P1(w%))

(DFTs of coefficient vectors of py and p4)
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* Divide-and-conquer algorithm for DFTy (p):

—s N < 1: DFT;(p) = aq
—= N > 1: Divide p into py (even coeif.) and p; (odd coeff).

Solve DFTy /,(po) and DFTy ,,(p,) recursively

Compute DFTy (p) based on DFTy s, (po) and DFTy /,(p1)
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Small Improvement
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Polynomial p of degree N — 1:
(

 (mofol ) + ol et i</,
p(wy) =1 k—N/2 k k—N/2 . N
Po ((‘)N/z ) T Wy P1 (wN/Z ) it 2 /2
k == >§
)
B po(wy /2) + @k - p1(wy/2) ifk < N/z

o (wzlf/;lzv/z) = ﬁ)}fr—w ' D1 (wzlff;lzv /Zl ifk >N/,

Need to compute po(w,’\‘,/z) and wg - pl(w,’f,/z) for0 < k <V/,.
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Example N = 8
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p(wg) = po(wy) + wg - p1(wg)
p(w§) = po(w}) + wi - p1(w;)

p(w3) = po(wf) + w} - p1(wF)
p(wd) = po(w3) + w3 - py(w3)

p(w3) = po(wf) — wg - p1(w))
p(w3) = po(ws) — wg - p1(w3)
p(wg) = po(wg) — w§ - p1(wF)

p(w3) = po(w}) — w3 - py(w3)

Algorithm Theory, WS 2019/20 Fabian Kuhn
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Fast Fourier Transform (FFT) Algorithm
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Algorithm FFT(a)
* Input: Array a of length N, where N is a power of 2
* OQutput: DFTy(a)

if n = 1 then return a; [/ a=lag]
d'% == FFT([ag, az, ..., ay—2]);
dltl == FFT([ay, as, ...,ay_1]);
o mif
wy=e 'N;w:=1;
fork=0toN/, —1do /] w = wf

X ' =w - d,[(l];

d; = dl[co] + X dyny/2 = dl[cO] — X
W= W Wy

end;

returnd = |dy, d4, ..., dN_1];

Algorithm Theory, WS 2019/20 Fabian Kuhn
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Example
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/
[
p(x) = 3x3 — 15x% + 18x + 0, a = [0,18,—15,3]
v

T°“n= -Cx +0 P(X= Sx+ &

P = -IS Nx\:(g

?00()0 =0
Rz, WA W P (W) = 2

BDFY = Tuolt?) + (5 0] ) = 041051218
<ﬂ(""l'):’\)lo (u,:o)' wlo?'a (w‘«?) = 1S

?o(w;_) 7-?,,,(&9?) ~ wg-q,,(wﬁ =\

PL0}) = DelWy) + WP, W) =15 +42 =6
(W) =% (W, ) +Ww, -@(u;)z 1T+ 15
AWG) = (W) - W, p,wy) =15 —21 = =34
WS ) = 7,9 — Wy P.1,) =18 =15
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at w3, W3, ..., w5t * using FFT Y., &3 ")

2 X 2n point-value pairs (w’z‘n,p(wé‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication O( u)

2n point-value pairs (w’zcn,p(a)’{n)q(w'{n))

l JInterpolation )

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation

Convert point-value representation into coefficient representation

Input: (xg, Yo), ) (Xn—1, Yn—1) With x; # x; for i # j

Output:
Degree-(n — 1) polynomial with coefficientsE ) e an_175uch that

—=p(xg) =ag+axyg +ax§ +-+a,_1xi =y
p(x) =ag+ax; +axi +-+a,x =y <—

_ 2 n-1 _
P(Xp—1) = Ao + A1 Xp_q + ApX5_q + =+ A1 Xy = Vo1~

- linear system of equations for ay, ..., a,_1
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Interpolation

Matrix Notation:

1 xg
1 x
1 xp—q

* System of equations solvable iff x; # x; forall i # j

Special Case x; = w:
=

/ 1

2
1 w, Wn,
w2 wor

TL
2(n—1
\1 wn 1 wn(n )

Algorithm Theory, WS 2019/20

n-1 an,_—
n—1 n-—1

Yn-1

q

/

(o )

ay

[

Y2

1
wn—1 \
2(n—1)
n
(n 1)(n—1)/
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Interpolation Yoo
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( n g
* Linear system:
W-a=y = a=W1l.y
N Ao Yo
— .U _ : _ :
Wi,j = Wy, a — . ) Yy = .
An-1 Yn—-1
Claim:
w
_1 . n
Wij -_—
n
e
E— 4
Proof: Need to show that W ~1W =,
—_— —
Algorithm Theory, WS 2019/20 Fabian Kuhn 23



DFT Matrix Inverse

n
W_1W —_ n n n . coo
| | n -0 )L l w-! (()‘L)
== 2w, W =~> W
((A) Mz) n é " " n 0=p V\
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DFT Matrix Inverse
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n-1 wi’(j—i)
(W_lw)i,j — z n a
n
£=0
1 ifi=j
-1 —
Need to show (W™ W), ; {0 ifi % f

Casei = j:

(W),

-

) WO |

—_ —“V\:\

= 2-‘0 n n /

-y |
-
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DFT Matrix Inverse
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(w-w
Casei # j: .
\ n-~l ‘)“‘
(W), =7 2(0)
” ¢=0
?pme};‘sm‘es
n-t \ q“
T _
=17y
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Inverse DFT
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* We get
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DFT and Inverse DFT
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Inverse DFT:

SIH

g

e Define polynomial g(x) = yg + vz + -+ + y,,_1z" L

% =;-q(w£")

DFT:

 Polynomial p(x) = ag + ayx + -+ a,_1x" 1L

yk = p(wn)

Algorithm Theory, WS 2019/20 Fabian Kuhn 28



DFT and Inverse DFT
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q(x) =yo+y1x+ -+ yp_x™ Ay == CI(CUn )

e Therefore:
(ao, A, .., - 1)

1
= = (i, a0, 0@, q (02" 7))
1
= (q<wn> q(wp™D), q(wp2), ..., q(wh))
 Recall:
DFT, () = (q(wp), q(w}), q(@3), ..., g(wi™))

— 3

=n- (aO' Ap—-1,An-2, -, Ay, al)
==
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DFT and Inverse DFT

* We have DFT,,(y) =n - (ag, a1, ay—2, ..., 03, a1):

(1

— - (DFT,(¥))o ifi =0
a; = 9 )

n (DFT,(M))n-:  ifi#0

* DFT and inverse DFT can both be computed using FFT algorithm

in 0(nlogn) time.

* 2 polynomials of degr. < n can be multiplied in time O(nlogn).

30
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Faster Polynomial Multiplication?
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Idea to compute p(x) - q(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at wY,, w3, ..., w5* 1 using FFT  Olu 6y~ )

2 X 2n point-value pairs (w’z‘n,p(wé‘n)) and (w’zcn, q(a)lzcn))

l Point-wise multiplication Ol

2n point-value pairs (w’zcn,p(a)’{n)q(w'{n))

l Interpolation using FFT O( v 0-3»\)

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients

Algorithm Theory, WS 2019/20 Fabian Kuhn
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Convolution
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* More generally, the polynomial multiplication algorithm
computes the convolution of two vectors:

a= (a(); STRLY, am—l)«
b = (bo, bl' ey le—l) S

a * b = (Co, Cl' . Cm;g—Z)'b/

where ¢, = E a;b;
= (i,j)d+j=k
. . faiy
i<m,j<n

* (, is exactly the coefficient of x* in the product polynomial of
the polynomials defined by the coefficient vectors a and b
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More Applications of Convolutions
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Signal Processing Example: O(m.u)

 Assume a = (ay, ..., ag_l) represents a sequence of
measurements over time

* Measurements might be noisy and have to be smoothed out

* Replace a; by weighted average of nearby last m and next m
measurements (e.g., Gaussian smoothing):

o N

_aé:@' Z a;e e—(—? Ty
j=i-m 1 O(u@zu}

* New vector a’ is the convolution of a and the weight vector

2 2 2 2
-m —(m-1 -1 -1 —(m-1 -m
—-(e e ( ),...,e ,1,e™ 4, ...,e ( ),e )

)

 Might need to take care of boundary points...
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More Applications of Convolutions
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Combining Histograms:
* Vectors a and b represent two histograms
* E.g., annual income of all men & annual income of all women

* Goal: Get new histogram c representing combined income of all
possible pairs of men and women:

c=ax*bh

Also, the DFT (and thus the FFT alg.) has many other applications!
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DFT in Signal Processing
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Assume that y(0), y(1),y(2), ..., y(T — 1) are measurements of a
time-dependent signal.

Inverse DFTy of (y(O), ., V(T — 1)) is a vector (cg, ..., Cy_1) S.t.

Q"= cosp x isieg

/
- (2m-k
-t)+lsm( N t)>

* Converts signal from time domain to frequency domain

* Signal can then be edited in the frequency domain
— e.g., setting some ¢, = 0 filters out some frequencies
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