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Chapter 7
Randomized Algorithms

Part lll:
Randomized Quicksort : Expected Time
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function Quick (A: array): array

{returns the sorted array A}

begin

if size(A) < 1 thenreturn A
else { choose pivot element v in A4;

Randomized Quicksort:

pick pivot uniformly at random

partition 4 into A, with elements = v,

and A, with elements > v

return

end;
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Randomized Quicksort Analysis
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Randomized Quicksort: pick uniform random element as pivot

Running Time of sorting n elements:
e Let’s just count the number of comparisons

* In the partitioning step, all n — 1 non-pivot elements have to be
compared to the pivot

depends on choice of pivot

—_—

n —1 + #comparisons in recursive calls

* Number of comparisons:

* If rank of pivot is r:
recursive calls withr — 1 and n — r elements

r—1 . n—r

12,3, .., r—1,r,r+1,.., n—1n

Algorithm Theory Fabian Kuhn 3



Law of Total Expectation
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e @Given a random variable X and

 asetofevents A4, ..., A; that partition ()

— E.g., for a second random variable Y, we could have
A ={weQ:Y(w) =i}

Law of Total Expectation
ZP(A) E[X | A;] EP(Y y) - E[X|Y =]

Example:
1+2+3+4+5+6
* X:outcome of rolling a die% Clearly: E[X] = : = 3.5

e Ay ={Xiseven}, A; = {Xisodd}

ml E[X] = E[X]Ao] - P(fio)HE[XIA] lP’(zﬁll),

2
WAO | /2 Y 2
= 3.5
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Randomized Quicksort Analysis

Random variables:
e (:total number of comparisons (for a given array of length n)

* R:rank of first pivot
* (p, C,: number of comparisons for the 2 recursive calls

E[C] =E[n—1+C, + C.] =n— 1+ E[C,] + E[C,]

Linearity of Expectation:

E[X + Y] = E[X] + E[Y]

Law of Total Expectation:

E[C] = z P(R = 7) - E[C|R = ]
r=1

A

Exp. #comp. ik
to sortarray | = z P(R=r)-(n—1+E[CR =71]+ E[C.|R=T])

of length n =1 _—7 |
Exp. #Hcomp. to sort Exp. #comp. to sort
array of lengthr — 1 array of lengthn —r
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We have seen that:

E[C] = Z PR =7) - (n—1+E[C,R = r] + E[C.|R = r])
r=1

1
Define: = /n
* T(n): expected number of comparisons when sorting n elements
E[C] = T(n)
E[C,IR=71]=T(r —1)
E[C/IR=r]=T(n—r)

Recursion:
n

1
T(n) =;E-(n—1+T(r—1)+T(n—r))
T(0) =T(1) = 0
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Theorem: The expected number of comparisons when sorting n
elements using randomized quicksortis T(n) < 2nlnn.

Proof: (by induction on n)
n

T(n)=Z%-(n—1+T(r—1)+T(n—r)), T(0)=TA)=0

r=1

n—1
1
=n—1+= Y (T +T(n i~ 1) x-Inx
n i=0 Z
n—1 L
2 _ >
=n—1+—-ZT(1) - /
. . n
induction i=1 . LA
hypothesis n—1 /
4 . " 4 NN
Sn—1+—-21-lnl » ]
= ElE(E
4 n 222
<n—1+—-J x1Inxdx
n Jj
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Theorem: The expected number of comparisons when sorting n
elements using randomized quicksortis T(n) < 2nlnn.

Proof:
4_ n
T(n)Sn—1+—-fx1nxdx
n J \
(n) < ) 4 [n®lnn n? 1 _lenx x>
(n) <n- +E' 5 —4+4 jxlnxdx— ER

=n—14+2nlnn—n+1

1
=2nlnn + (—— 1>
n

<2nlnn
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Alternative Randomized Quicksort Analysis _z.

zl.l.l
S&

Array tosort:[7,3,1,10,14,8,12,9,4,6,5,15,2,13,11]

Viewing quicksort run as a tree:

(7)3,1,10,14,8,12,9,4,6,5,15,2,13,11]

[10,14,8(12),9,15,13,11]

@) sﬂ) 13

[8)9] [11] ) 14 ]

[3] [9] [14]
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Comparisons

 Comparisons are only between pivot and non-pivot elements

* Every element can only be the pivot once:
— every 2 elements can only be compared once!

W.l.0.g., assume that the elements to sortare 1,2, ..., n

Elements i and j are compared if and only if eitheri orjis a
pivot before any element h:i < h < j is chosen as pivot
— i.e., iff i is an ancestor of j or j is an ancestor of i

J— i+ 1elements
1

[

| |

| T |
1 [ j n
h

2
[P(comparison between i and j) =], —
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Counting Comparisons

Random variable for every pair of elements (i,j), 1 < j:

X, — 1, if there is a comparison between i and j
Y |0,  otherwise
2 2
Ky=1="r BNl=os

Number of comparisons: X

i<j

 Whatis E[X]?
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Theorem: The expected number of comparisons when sorting n
elements using randomized quicksortis T(n) < 2nlnn.

Proof:

* Linearity of expectation:
For all random variables X, ..., X,, and all a4, ..., a,, € R,

EliaiXi =iaiIE[Xi].
X:ZXU = E[X]=E zxij =21E[Xij]

i<j

i<j i<j
7 n-1 n )
;]—l+1 ;]_;1]—1+1
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Theorem: The expected number of comparisons when sorting n
elements using randomized quicksortis T(n) < 2nlnn.

Proof:
— n n-1n-i+1
_ 1
Z 27T D
=1 j=i i=1 +£=2
n-1 n
1
<2 —
Harmonic Series: et £ 4
k 1 =Hmn) -1
H (k) ’=ZT =2-(n=1-(HHN) -1)
i=1
Hk)<1+Ink <2-(n—1)-Inn
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