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LOCAL model

• Undirected simple graph G = (V, E) of n nodes and 
maximum degree Δ 

• Each node has a unique ID 

• Synchronous message passing model 

• Unbounded computation 

• Unbounded bandwidth 

• Focus on locality: time = number of rounds = distance
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LOCAL model: symmetry breaking
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Four classical problems

Maximal 
independent set

(Δ + 1)-vertex 
coloring

(2Δ - 1)-edge 
coloring

Maximal 
matching



Four classical problems
These problems can be solved in poly(log n) rounds [Rozhon, Ghaffari ’20] 

But, how local are these problems?

Maximal 
independent set

(Δ + 1)-vertex 
coloring

(2Δ - 1)-edge 
coloring

Maximal 
matching



Four classical problems: locality
Maximal 

independent set [Balliu et al. ’19]
O(�+ log⇤ n)

<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Barenboim, Elkin, Kuhn ’09]



Four classical problems: locality
Maximal 

independent set

Maximal 
matching

[Balliu et al. ’19]

[Balliu et al. ’19]
O(�+ log⇤ n)

<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Panconesi, Rizzi ’01]

[Barenboim, Elkin, Kuhn ’09]



Four classical problems: locality
Maximal 

independent set

Maximal 
matching

(Δ + 1)-vertex 
coloring

[Balliu et al. ’19]

[FHK ’16][BEG ’18][MT ’20]

[Balliu et al. ’19]

[Linial ’87]
eO(
p
�+ log⇤ n)

<latexit sha1_base64="u7RaTgpKyOBcNBufzabXAh2Xz3o=">AAACEHicbVDJSgNBEO1xjXGLevTSGMQNwowK6i2gB29GMCpkYujpqSSNPT1jd40ShnyCF3/FiwdFvHr05t/YWQ5uDwoe71VRVS9IpDDoup/OyOjY+MRkbio/PTM7N19YWDw3cao5VHksY30ZMANSKKiiQAmXiQYWBRIuguvDnn9xC9qIWJ1hJ4F6xFpKNAVnaKVGYc2/EyGgkCFkJ91139xozPwjkMi6dIv6Mm5dbVK10SgU3ZLbB/1LvCEpkiEqjcKHH8Y8jUAhl8yYmucmWM+YRsEldPN+aiBh/Jq1oGapYhGYetZ/qEtXrRLSZqxtKaR99ftExiJjOlFgOyOGbfPb64n/ebUUm/v1TKgkRVB8sKiZSoox7aVDQ6GBo+xYwrgW9lbK20wzjjbDvA3B+/3yX3K+XfJ2Stunu8XywTCOHFkmK2SdeGSPlMkxqZAq4eSePJJn8uI8OE/Oq/M2aB1xhjNL5Aec9y/P9Jxe</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

⌦(log⇤ n)
<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Panconesi, Rizzi ’01]

[Barenboim, Elkin, Kuhn ’09]



Four classical problems: locality
Maximal 

independent set

Maximal 
matching

(Δ + 1)-vertex 
coloring

(2Δ - 1)-edge 
coloring

[Balliu et al. ’19]

[Kuhn ’20]

[Balliu et al. ’19]

[Linial ’87]

[Linial ’87]

eO(
p
�+ log⇤ n)

<latexit sha1_base64="u7RaTgpKyOBcNBufzabXAh2Xz3o=">AAACEHicbVDJSgNBEO1xjXGLevTSGMQNwowK6i2gB29GMCpkYujpqSSNPT1jd40ShnyCF3/FiwdFvHr05t/YWQ5uDwoe71VRVS9IpDDoup/OyOjY+MRkbio/PTM7N19YWDw3cao5VHksY30ZMANSKKiiQAmXiQYWBRIuguvDnn9xC9qIWJ1hJ4F6xFpKNAVnaKVGYc2/EyGgkCFkJ91139xozPwjkMi6dIv6Mm5dbVK10SgU3ZLbB/1LvCEpkiEqjcKHH8Y8jUAhl8yYmucmWM+YRsEldPN+aiBh/Jq1oGapYhGYetZ/qEtXrRLSZqxtKaR99ftExiJjOlFgOyOGbfPb64n/ebUUm/v1TKgkRVB8sKiZSoox7aVDQ6GBo+xYwrgW9lbK20wzjjbDvA3B+/3yX3K+XfJ2Stunu8XywTCOHFkmK2SdeGSPlMkxqZAq4eSePJJn8uI8OE/Oq/M2aB1xhjNL5Aec9y/P9Jxe</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="kNhPO6Hp1lsOPP9UupgDA9Z/oWs=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoCmWmCuquoAt3VrAP6Iwlk2ba0EwyJBmhDsVfceNCEbf+hzv/xrSdhbYeuHA4517uvSeIGVXacb6tufmFxaXl3Ep+dW19Y9Pe2q4rkUhMalgwIZsBUoRRTmqaakaasSQoChhpBP3Lkd94IFJRwe/0ICZ+hLqchhQjbaS2vXtT9K4I0wgeQ4+J7v0R5Idtu+CUnDHgLHEzUgAZqm37y+sInESEa8yQUi3XibWfIqkpZmSY9xJFYoT7qEtahnIUEeWn4+uH8MAoHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR47qeUx4kmHE8WhQmDWsBRFLBDJcGaDQxBWFJzK8Q9JBHWJrC8CcGdfnmW1Msl96RUvj0tVC6yOHJgD+yDInDBGaiAa1AFNYDBI3gGr+DNerJerHfrY9I6Z2UzO+APrM8fwFuTcw==</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="AouXeWdzqplNlD+iFK52yE579Wo=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXOVEHdFXThzgr2Ap1SMulpG5pkhiQjlKEP4cZXceNCEbcu3Pk2ppeFtv4Q+PKfc0jOH0ScaeO6305qYXFpeSW9mllb39jcym7vVHUYKwoVGvJQ1QOigTMJFcMMh3qkgIiAQy3oX43qtQdQmoXy3gwiaArSlazDKDHWamWP/FsBXZL3BZN+4l8DN+QY+zzsYolPxjC5+MPDVjbnFtyx8Dx4U8ihqcqt7JffDmksQBrKidYNz41MMyHKMMphmPFjDRGhfdKFhkVJBOhmMl5qiA+s08adUNkjDR67vycSIrQeiMB2CmJ6erY2Mv+rNWLTuWgmTEaxAUknD3Vijk2IRwnhNlNADR9YIFQx+1dMe0QRamyOGRuCN7vyPFSLBe+0ULw7y5Uup3Gk0R7aR3nkoXNUQjeojCqIokf0jF7Rm/PkvDjvzsekNeVMZ3bRHzmfP4VenTE=</latexit>

⌦(log⇤ n)
<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

⌦(log⇤ n)
<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

2O(
p
log�) +O(log⇤ n)

<latexit sha1_base64="iYrTKvfmseI52ZAfDqjnnEeDaD0=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoOQqITdKKi3gB68GcE8IJuE2ckkGTI7u870CmHJT3jxV7x4UMSr4M2/cfI4aGJBQ1HVTXeXFwquwba/rcTC4tLySnI1tba+sbmV3t6p6CBSlJVpIAJV84hmgktWBg6C1ULFiO8JVvX6lyO/+sCU5oG8g0HIGj7pSt7hlICRWunjQjPGN1ns6nsFMXZF0HWvmACChzhn6siYI7F5iGWulc7YeXsMPE+cKcmgKUqt9JfbDmjkMwlUEK3rjh1CIyYKOBVsmHIjzUJC+6TL6oZK4jPdiMdfDfGBUdq4EyhTEvBY/T0RE1/rge+ZTp9AT896I/E/rx5B57wRcxlGwCSdLOpEAkOARxHhNleMghgYQqji5lZMe0QRCibIlAnBmX15nlQKeeckX7g9zRQvpnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1sekNWFNZ3bRH1ifP8pJnAc=</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

[FHK ’16][BEG ’18][MT ’20]

[Panconesi, Rizzi ’01]

[Barenboim, Elkin, Kuhn ’09]



Four classical problems: locality
Maximal 

independent set

Maximal 
matching

(Δ + 1)-vertex 
coloring

(2Δ - 1)-edge 
coloring

[Panconesi, Rizzi ’01]

[Balliu et al. ’19]

[Kuhn ’20]

[Balliu et al. ’19]

[Linial ’87]

[Linial ’87]

eO(
p
�+ log⇤ n)

<latexit sha1_base64="05rXagbyChCBN/peWdpZEnOkg1o=">AAACEHicdVDJSgNBEO1xN25Rj14ag7hBmLig3gQ9eDOCiYFMDD09ldjY0zN21yhhyCd48Ve8eFDEq0dv/o2dRXB9UPB4r4qqen4shUHXfXcGBoeGR0bHxjMTk1PTM9nZubKJEs2hxCMZ6YrPDEihoIQCJVRiDSz0JZz5lwcd/+watBGROsVWDLWQNZVoCM7QSvXssncjAkAhA0iP2yueudKYeocgkbXpOvVk1Dxfo2q1ns25+Z1t14L+JoW820WO9FGsZ9+8IOJJCAq5ZMZUC26MtZRpFFxCO+MlBmLGL1kTqpYqFoKppd2H2nTJKgFtRNqWQtpVv06kLDSmFfq2M2R4YX56HfEvr5pgY7eWChUnCIr3FjUSSTGinXRoIDRwlC1LGNfC3kr5BdOMo80wY0P4/JT+T8ob+cJmfuNkK7e/149jjCyQRbJCCmSH7JMjUiQlwsktuSeP5Mm5cx6cZ+el1zrg9GfmyTc4rx8EaJyC</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="Rk48GczXsxKOnFejt6jHtjCcsO4=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWoCsO0KtVdQRfurGAf0BlLJs20oZlkSDJCHYq/4saFIm79D3f+jelD8HngwuGce7n3niBmVGnXfbempmdm5+YzC9nFpeWVVXttvaZEIjGpYsGEbARIEUY5qWqqGWnEkqAoYKQe9E6Hfv2GSEUFv9L9mPgR6nAaUoy0kVr25kXeOyNMI7gPPSY613uQ77bsnOuUjlwD+JsUHHeEHJig0rLfvLbASUS4xgwp1Sy4sfZTJDXFjAyyXqJIjHAPdUjTUI4iovx0dP0A7hilDUMhTXENR+rXiRRFSvWjwHRGSHfVT28o/uU1Ex0e+ynlcaIJx+NFYcKgFnAYBWxTSbBmfUMQltTcCnEXSYS1CSxrQvj8FP5PakWncOAULw9z5ZNJHBmwBbZBHhRACZTBOaiAKsDgFtyDR/Bk3VkP1rP1Mm6dsiYzG+AbrNcP9MCTlw==</latexit>

O(�+ log⇤ n)
<latexit sha1_base64="Rk48GczXsxKOnFejt6jHtjCcsO4=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWoCsO0KtVdQRfurGAf0BlLJs20oZlkSDJCHYq/4saFIm79D3f+jelD8HngwuGce7n3niBmVGnXfbempmdm5+YzC9nFpeWVVXttvaZEIjGpYsGEbARIEUY5qWqqGWnEkqAoYKQe9E6Hfv2GSEUFv9L9mPgR6nAaUoy0kVr25kXeOyNMI7gPPSY613uQ77bsnOuUjlwD+JsUHHeEHJig0rLfvLbASUS4xgwp1Sy4sfZTJDXFjAyyXqJIjHAPdUjTUI4iovx0dP0A7hilDUMhTXENR+rXiRRFSvWjwHRGSHfVT28o/uU1Ex0e+ynlcaIJx+NFYcKgFnAYBWxTSbBmfUMQltTcCnEXSYS1CSxrQvj8FP5PakWncOAULw9z5ZNJHBmwBbZBHhRACZTBOaiAKsDgFtyDR/Bk3VkP1rP1Mm6dsiYzG+AbrNcP9MCTlw==</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="rBRmmDQFq0kbJMgxvuMVulZBFVg=">AAACFHicdVDLSgMxFM3UV62vqks3wSJUlDqtSnVX0IU7K9gHdErJpLdtaJIZkoxQhn6EG3/FjQtF3Lpw59+YPgSfBy6cnHMvuff4IWfauO67k5iZnZtfSC6mlpZXVtfS6xtVHUSKQoUGPFB1n2jgTELFMMOhHiogwudQ8/tnI792A0qzQF6bQQhNQbqSdRglxkqt9J53KaBLsp5g0ou9c+CG7GOPB10s8cGYTB7ecLeVzri54rFrgX+TfM4dI4OmKLfSb147oJEAaSgnWjfybmiaMVGGUQ7DlBdpCAntky40LJVEgG7G46OGeMcqbdwJlC1p8Fj9OhETofVA+LZTENPTP72R+JfXiEznpBkzGUYGJJ181Ik4NgEeJYTbTAE1fGAJoYrZXTHtEUWosTmmbAifl+L/SbWQyx/mCldHmdLpNI4k2kLbKIvyqIhK6AKVUQVRdIvu0SN6cu6cB+fZeZm0JpzpzCb6Buf1A7nDnVU=</latexit>

⌦(min{�, log n/ log log n})
<latexit sha1_base64="rBRmmDQFq0kbJMgxvuMVulZBFVg=">AAACFHicdVDLSgMxFM3UV62vqks3wSJUlDqtSnVX0IU7K9gHdErJpLdtaJIZkoxQhn6EG3/FjQtF3Lpw59+YPgSfBy6cnHMvuff4IWfauO67k5iZnZtfSC6mlpZXVtfS6xtVHUSKQoUGPFB1n2jgTELFMMOhHiogwudQ8/tnI792A0qzQF6bQQhNQbqSdRglxkqt9J53KaBLsp5g0ou9c+CG7GOPB10s8cGYTB7ecLeVzri54rFrgX+TfM4dI4OmKLfSb147oJEAaSgnWjfybmiaMVGGUQ7DlBdpCAntky40LJVEgG7G46OGeMcqbdwJlC1p8Fj9OhETofVA+LZTENPTP72R+JfXiEznpBkzGUYGJJ181Ik4NgEeJYTbTAE1fGAJoYrZXTHtEUWosTmmbAifl+L/SbWQyx/mCldHmdLpNI4k2kLbKIvyqIhK6AKVUQVRdIvu0SN6cu6cB+fZeZm0JpzpzCb6Buf1A7nDnVU=</latexit>

⌦(log⇤ n)
<latexit sha1_base64="pL8ic8RmMImBhHkKZ1n3P5ECw8g=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjVRUiqUt0V3Lizgn1AE8tkOkmHzkzCzKRQQv/EjQtF3Pon7vwbpw/B54ELh3Pu5d57wpRRpV333VpYXFpeWS2sFdc3Nre27Z3dpkoyiUkDJyyR7RApwqggDU01I+1UEsRDRlrh4HLit4ZEKpqIWz1KScBRLGhEMdJG6tq2f81JjMo+S+K7YyiOunbJdapnrgH8TTzHnaIE5qh37Te/l+CME6ExQ0p1PDfVQY6kppiRcdHPFEkRHqCYdAwViBMV5NPLx/DQKD0YJdKU0HCqfp3IEVdqxEPTyZHuq5/eRPzL62Q6Og9yKtJME4Fni6KMQZ3ASQywRyXBmo0MQVhScyvEfSQR1iasognh81P4P2lWHO/EqdyclmoX8zgKYB8cgDLwQBXUwBWogwbAYAjuwSN4snLrwXq2XmatC9Z8Zg98g/X6ATTVkrQ=</latexit>

⌦(log⇤ n)
<latexit sha1_base64="iTpr7Py375XMOp5Ie+G/MhaJtOY=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUmqoO4KbtxZwT6giWUynbRD5xFmJoUS+iduXCji1j9x5984bbPQ1gMXDufcy733RAmj2njet7Oyura+sVnYKm7v7O7tuweHTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJ36rRFRmkrxaMYJCTnqCxpTjIyVuq4b3HPSR+WAyf7TORRnXbfkVbwZ4DLxc1ICOepd9yvoSZxyIgxmSOuO7yUmzJAyFDMyKQapJgnCQ9QnHUsF4kSH2ezyCTy1Sg/GUtkSBs7U3xMZ4lqPeWQ7OTIDvehNxf+8Tmri6zCjIkkNEXi+KE4ZNBJOY4A9qgg2bGwJworaWyEeIIWwsWEVbQj+4svLpFmt+BeV6sNlqXaTx1EAx+AElIEPrkAN3IE6aAAMRuAZvII3J3NenHfnY9664uQzR+APnM8fAHCSkA==</latexit>

2O(
p
log�) +O(log⇤ n)

<latexit sha1_base64="iYrTKvfmseI52ZAfDqjnnEeDaD0=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoOQqITdKKi3gB68GcE8IJuE2ckkGTI7u870CmHJT3jxV7x4UMSr4M2/cfI4aGJBQ1HVTXeXFwquwba/rcTC4tLySnI1tba+sbmV3t6p6CBSlJVpIAJV84hmgktWBg6C1ULFiO8JVvX6lyO/+sCU5oG8g0HIGj7pSt7hlICRWunjQjPGN1ns6nsFMXZF0HWvmACChzhn6siYI7F5iGWulc7YeXsMPE+cKcmgKUqt9JfbDmjkMwlUEK3rjh1CIyYKOBVsmHIjzUJC+6TL6oZK4jPdiMdfDfGBUdq4EyhTEvBY/T0RE1/rge+ZTp9AT896I/E/rx5B57wRcxlGwCSdLOpEAkOARxHhNleMghgYQqji5lZMe0QRCibIlAnBmX15nlQKeeckX7g9zRQvpnEk0R7aR1nkoDNURNeohMqIokf0jF7Rm/VkvVjv1sekNWFNZ3bRH1ifP8pJnAc=</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="pL8ic8RmMImBhHkKZ1n3P5ECw8g=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjVRUiqUt0V3Lizgn1AE8tkOkmHzkzCzKRQQv/EjQtF3Pon7vwbpw/B54ELh3Pu5d57wpRRpV333VpYXFpeWS2sFdc3Nre27Z3dpkoyiUkDJyyR7RApwqggDU01I+1UEsRDRlrh4HLit4ZEKpqIWz1KScBRLGhEMdJG6tq2f81JjMo+S+K7YyiOunbJdapnrgH8TTzHnaIE5qh37Te/l+CME6ExQ0p1PDfVQY6kppiRcdHPFEkRHqCYdAwViBMV5NPLx/DQKD0YJdKU0HCqfp3IEVdqxEPTyZHuq5/eRPzL62Q6Og9yKtJME4Fni6KMQZ3ASQywRyXBmo0MQVhScyvEfSQR1iasognh81P4P2lWHO/EqdyclmoX8zgKYB8cgDLwQBXUwBWogwbAYAjuwSN4snLrwXq2XmatC9Z8Zg98g/X6ATTVkrQ=</latexit>

[Linial ’87]
⌦(log⇤ n)

<latexit sha1_base64="pL8ic8RmMImBhHkKZ1n3P5ECw8g=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjVRUiqUt0V3Lizgn1AE8tkOkmHzkzCzKRQQv/EjQtF3Pon7vwbpw/B54ELh3Pu5d57wpRRpV333VpYXFpeWS2sFdc3Nre27Z3dpkoyiUkDJyyR7RApwqggDU01I+1UEsRDRlrh4HLit4ZEKpqIWz1KScBRLGhEMdJG6tq2f81JjMo+S+K7YyiOunbJdapnrgH8TTzHnaIE5qh37Te/l+CME6ExQ0p1PDfVQY6kppiRcdHPFEkRHqCYdAwViBMV5NPLx/DQKD0YJdKU0HCqfp3IEVdqxEPTyZHuq5/eRPzL62Q6Og9yKtJME4Fni6KMQZ3ASQywRyXBmo0MQVhScyvEfSQR1iasognh81P4P2lWHO/EqdyclmoX8zgKYB8cgDLwQBXUwBWogwbAYAjuwSN4snLrwXq2XmatC9Z8Zg98g/X6ATTVkrQ=</latexit>

[FHK ’16][BEG ’18][MT ’20]

[Barenboim, Elkin, Kuhn ’09]

☛



Edge coloring: state of the art
• (2Δ - 1)-edge coloring (achieved through (Δ + 1)-vertex coloring):  

• O(Δ + log* n) [Barenboim, Elkin ’09], [Kuhn ’09] 

• O(Δ3/4 + log* n) [Barenboim ’15] 

• Õ(√Δ + log* n) [Fraigniaud, Heinrich, Kosowski ’16] [Barenboim, Elkin, 
Goldenberg ’18] [Maus, Tonoyan ’20] 

• O(Δ)-edge coloring: O(Δε + log* n) [Barenboim, Elkin ’10] 

• (2Δ - 1)-edge coloring in 2O(√log Δ) + O(log* n) [Kuhn ’20]



Our result

(2Δ - 1)-edge 
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(deg(e) + 1)-list edge coloring can be solved in time quasi-polylogarithmic in Δ
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List edge coloring
(deg(e) + 1)-list edge coloring: lists of at least deg(e) + 1 colors



• (2Δ - 1)-edge coloring: 

‣ lists of 2Δ - 1 colors 

‣ all lists the same 

List edge coloring



Let's try the following (non list coloring based) algorithm: 

• Start from a graph of maximum degree Δ 

• 2-color the edges such that the graph induced by each color has 
maximum degree Δ/2 

• Recurse on each subgraph

Why list coloring
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• Start from a graph of maximum degree Δ 

• 2-color the edges such that the graph induced by each color has 
maximum degree Δ/2 

• Recurse on each subgraph

Why list coloring

Too hard



• Start from a graph of maximum degree Δ 

• c-color the edges such that the graph induced by each color has 
maximum degree O(Δ/c) 

• Recurse on each subgraph

Why list coloring

We need too many colors



• Without lists, by using a recursive algorithm, we have to early commit on 
color subspaces 

• With lists, we can color a subgraph and then recurse on the remaining 
uncolored subgraph

Why list coloring

Recurs
e



(deg(e) + 1)-list edge coloring in time                      
(log Δ)O(log log Δ) + O(log* n)    
High level ideas  
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Definitions

• Goal: (deg(e) + 1)-list edge coloring 

• Relaxed version: (β ⨉ deg(e) + 1)-list 
edge coloring

slack 1:

slack 2:
slack β

slack 1

T(β, C) = time required to solve a list coloring 
instance with a palette of size C and slack β
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Recurs
e

Increasing the slack
• Suppose we can solve “fast” a list edge coloring with 

slack β 

• Reduce the degree by computing a defective edge 
coloring 

• Solve many instances of relaxed list edge coloring 
sequentially (by going through color classes)



Increasing the slack
• Compute a deg(e)/(2β)-defective edge coloring g(e) with O(β²) colors 

• Iterate through each color class i. Edges of color i do the following: 

• Remove from the list the colors c(e') already used by the neighbors 

• If the list has size larger than deg(e)/2 stay active 

• Apply the algorithm for slack β on active edges, obtain c(e) 

• Recurse on uncolored edges



T(1, C)  ≤  T(defective-coloring) + nr_color_classes · T(large slack) + T(recursion)

T(1, C)  ≤  β2 · log Δ · T(β, C)

Increasing the slack



High level idea

T(1, C)  ≤  β2 · log Δ · T(β, C) 

T(β, C)  ≤  log p · T(1, p) + T(β/polylog p, C/p)

T(1, Δ)  ≤  polylog Δ · T(1, √Δ)

T(1, Δ)  ≤  (log Δ)O(log log Δ) · T(1, O(1))  =  (log Δ)O(log log Δ)
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Relaxed list edge coloring

• Split the color space into many independent subspaces 

• Assign a subspace to each edge 

• Independently recurse on each graph induced by edges with the same 
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Subspace assignment
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Subspace assignment

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

C

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

C1 C2 C3 C4

1 2 5 6 7 12 17

Le

1 2 5 6 7 12 17

C2 ∩ Le C1 ∩ Le C3 ∩ Le C4 ∩ Le "There are many 
subspaces that are 

large enough"



Subspace assignment

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

C

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

C1 C2 C3 C4

1 2 5 6 7 12 17

Le

1 2 5 6 7 12 17

C2 ∩ Le C1 ∩ Le C3 ∩ Le C4 ∩ Le 
∃k s.t. there are at least 

k lists Ci satisfying 
|Ci ⋂ Le| ≥ |Le| / (k Hp)
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Subspace assignment

∃k s.t. there are at least k lists Ci satisfying |Ci ⋂ Le| ≥ |Le| / (k Hp)

Simple case: 
• k is the same for all edges
Goal: 
• assign a list to each edge such that "few" neighboring edges have the 

same list
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How:
• Transform this problem into a list coloring instance
• Modify the graph such that the edge degree is at most k-1
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21    24 26
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∃k s.t. there are at least k lists Ci satisfying |Ci ⋂ Le| ≥ |Le| / (k Hp) 

Different edges may have different k. Solution: 
• Split edges in buckets with "similar" values of k 
• Solve each bucket sequentially as in the simple case

k = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 …
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Subspace assignment

{1,3,8,9,14}

{3,4} →3

{2,3,9,10,14}



Subspace assignment

Solution: 
• Make some edges inactive, based on their current defect 
• More recursion!



Relaxed list edge coloring

• Split the color space into many independent subspaces 

• Assign a subspace to each edge 

• Independently recurse on each graph induced by edges with the same 
assigned subspace

T(β, C)  ≤  log p · T(1, p) + T(β/polylog p, C/p)

log p · T(1, p)

T(β/polylog p, C/p)



Putting things together
• Express (degree(e) + 1)-list edge coloring as a function of relaxed list edge coloring 

‣ Create many instances with smaller degree 

‣ Handle instances sequentially 

‣ Recurse 

• Express relaxed list edge coloring as a function of smaller list edge colouring 
instances  

‣ Split the color space in many parts 

‣ Assign subspaces by solving many new list coloring instances 

‣ Recurse



Open questions: CONGEST model

• Can we adapt this algorithm to work in the CONGEST model? 

‣ If we assign colors to some edges, we have to remove those colors from 
the lists of their neighboring edges 

‣ Nodes incident on the same edge need to agree on the new list 

‣ Valid colors are the intersection of colors that are good for each side



Open questions: upper bounds

• We can solve (2Δ - 1)-edge coloring in quasi-polylog(Δ) + O(log* n) 

‣ Can we solve it in polylog(Δ) + O(log* n) rounds? 

• Can we solve vertex coloring in subpoly(Δ)? 

‣ Can we solve O(Δ/c)-defective c-coloring fast?



Open questions: lower bounds

• Can we prove a non-trivial lower bound for solving (2Δ - 1)-edge coloring? 

‣ Can we show that it cannot be solved in o(log Δ) + O(log* n)?


