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Exercise 1: Context-Free Languages (2+2+1 points)

Give context-free grammars that generate the following languages. The alphabet set is ¥ = {0, 1}.
a) {w | w contains at least three ones}

b) {w | w the length of w is odd and its middle symbol is a 0}

¢) The empty language.

Note: The empty language is not the language containing only the empty string!

Solution

a) S — RIRIRIR
R—O0R|1R|¢

b) S —0]050|0S1|150] 181
c) S— S

Exercise 2: Chomsky Normal Form (2+5 points)

Consider the following context-free grammar (CFG):

S —aSb| D
D — ccDcec | e

a) Which language does this grammar define?

b) Convert this CFG into an equivalent one in Chomsky Normal Form. Give the grammar you
obtained after each step of the conversion algorithm.



Solution

a) The language consists of all strings of the form zyz with the following properties:
o zc{a}*
o z e {b}*

o ye{c}*
|z| = |2]

lyf =4-n forann e N

b) Add a new start variable Sy and the rule Sp — S.

S(]*)S
S —aSb| D
D — ccDcec | €

Remove all e-rules: Delete the rule D — ¢ and add the rules S — ¢ and D — ccce.

So—)S
S —aSh|D|e

D — ccDce | cece

Remove S — ¢ and add S — ab and Sy — ¢ (the e-rule for the start variable is allowed).

So—)S‘é
S —aSb|ab| D

D — ccDce | cece

Next remove unit rules.

Remove Sy — S and add Sy — aSb | ab | D.

So—¢|aSb|ab|D
S —aSb|ab| D
D — ccDec | ccee

Remove Sy — D and add Sy — ccDce | cece.

So —¢e]aSb|ab|ccDee | cece
S —aSblab| D
D — ccDce | cecc

Remove S — D and add S — ccDce | cece.

So —¢e]aSb|ab|ccDee | cece
S — aSb | ab | ccDec | ccce

D — ccDce | cece



Convert the rules into the proper form.

Add S; — Sb and adjust the rules accordingly.

So — e ]aS1 | ab| ceDec | ccee
S — aSy | ab | eccDece | cece
S1 — Sb

D — ccDce | cece

Add U; — a and Add U; — b and adjust.

So — e | U1S1 | U1Us | ceDece | ecee
S — U1S1 | UhUs | ceDec | ccee
S1 — SUy

U —a

Uy — b

D — ccDec | ccee

Add Sy — ¢Ss3, S3 — DSy and S4 — cc and adjust.

So — e | U1S1 | U1Usy | ¢S | cece
S — U1S1 | UhUs | ¢Ss | eccee
S1 — SU,

Sy — ¢S3

S3 — DSy

Sy — cc

U —a

Uy —b

D — ¢Sy | cece

Add S5 — ¢Sg and Sg — cc and adjust.

So — e |U1S1 | U1Usy | ¢S3 | ¢S5
S — Uy S1 | UrUy | UsSs | ¢S5
S1 — SUy

Sy — ¢S3

S3 — DSy

Sy — cc

S5 — ¢Sg

Se — cc

Ui —a

Us—b

D — ¢Sy | ¢S5



Finally, add Us — ¢ and adjust.

So — e | U1S1 | UrUs | UsS2 | UsSs
S = US, | UUs | ¢Sy | UsSs
S1 — SUy

So — UsSs

S3 — DSy

Sy — UsUs;

Sy — UsSg

Sg — UsUs;

Ui —a

U — b

Us — ¢

D — UsSy | UsSs

Exercise 3: Pushdown Automata (6 points)

Convert the following CFG to an equivalent pushdown automaton. The alphabet is ¥ = {a,+, x, (,)}
and the set of variables V = {E, T, F'}.

E—-FE+T|T

T—-TxF|F

F—(E)|a
(You already saw this grammar in the lecture with < expression >, < term > and < factor > instead
of E,T and F).

Solution

The Automaton is given by the following diagram.

e,e - E$

a@ e E—-E+T;, ¢,E—-T; ¢T—-TxF; ¢,T—F;, ¢, F—(E); ¢F—aq
oop a,a—=¢e; ((=e ),)—=e +H+ =8 X, X —e

,$— ¢

Remark: The general transformation procedure is given in on Slide 59 of the third set of lecture slides
which tackles context free languages. There it is proven (constructively) that any context free grammar
can be transformed into a PDA.

Note that transitions like ¢, ' — (E) are shortcuts. In fact, one has to introduce additional states
and define the transition as



e, F —) : j g,e > E
Qloop

g,e = (

Exercise 4: Context-Free Languages and Set Operations (343 points)

(a) Show that context-free languages are not closed under taking intersections (i.e., the intersection

(b)

of two context-free languages is not necessarily context free).
Hint: You can use that the language {a'b'c’|i > 0} is not context-free.

Show that context-free languages are not closed under taking complements.
Hint: You can use DeMorgan’s law and the fact that the set of context-free languages is closed
under performing union operations.

Solution

(a)

Assume context-free languages are closed under intersection operation. We prove the claim by
contradiction. Consider the following languages: Ly = {a’b'c/|i,j > 0}, Lo = {a'b/clli,j > 0},
and L3 = L1 N Ly = {a'bici|i > 0}. It is easy to prove that L; and Lo are both context-free
languages (as you can easily derive the corresponding context-free grammar). According to our
assumption, we know L3 will be context-free language as well. However, we know by the pumping
lemma that L3 is not context-free. Hence, we have a contradiction, which implies the assumption
is wrong. Therefore, we have proved the claim.

Assume context-free languages are closed under taking complement operation. We prove the claim
by contradiction. Let Li and Lo both be context-free languages. According to the assumption,
we know L; and Lo must both be context-free languages as well. Since context-free languages
are closed under union operation. We know L; U Lo is context-free too. Now, according to the
DeMorgan’s law, we know Li ULy = LiNLy. As a result, we can further conclude L; N Lo
is context-free. Since L; and Ly are arbitrary context-free languages, this implies context-free
languages are closed under intersection operation. However, from previous exercise, we know this
is not true. Therefore, we have a contradiction, and have hence proved the original claim.

Exercise 5: Pumping Lemma for Context-Free Languages (3+3 points)

Use the pumping lemma to show that the following languages over the alphabet ¥ = {a, b} are not
context free:

(a)

(b)

{ww | w € {a,b}*}
Hint: Show that the string s = aPbPaPb? with p the pumping length cannot be pumped.
{a"ba?"ba®" | n > 0}

(Be careful to read the strings correctly: For example ab* is equal to abbbb and not to abababab.)

Solution

(a)

Assume the language was context free. Let p be the pumping length. We show that the string
s = aPbPaPbP cannot be pumped, leading to a contradiction. Let s = uvzyz with |vxy| < p and
lvy| > 0.

First, we show that the substring vxy straddles the midpoint of s. If not, then vay is either fully
contained in the first or fully contained in the second half of s. If it is contained in the first half,



we obtain that uv?ry?z = tbPaPbP. Because of |vy| > 0 it follows that |t| > p and because of
luvay| < 2p it follows that [t| < 3p. So wv?zy?z has a b in the first position of its second half,
making it impossible to have the form ww. Similarly, if vry is contained in the second half of s,
then the string uv?zy?z has an a in the last position of its first half, making it again impossible
to have the form ww.

But if vzy straddles the midpoint of s, then because of |vzy| < p, pumping s down to uxz leads
to the string aPb’a’b?. As |vy| > 0, either i or j (or both) are strictly less than p. So this string
has not the form ww.

Assume the language was context free with p the pumping length. Define s := a?ba®’ba’P and let
s = uvryz be a decomposition of s with |vry| < p and |vy| > 0. We show that uv?zy?z cannot be
in the language, giving a contradiction. If v or y contained b, the string uv?zy?z would have more
than two b’s and is therefore not in the language. So assume that neither v nor y contains b. That
means that v as well as y is fully contained in one of the three segments a?, a?? and aP. But then
pumping s up to ww?ry?z would violate the 1 : 2 : 3 length ratio of the segments, because the
length of at least one segment is changed (as |vy| > 0) and at least one segment keeps its length.



