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Exercise 1: The class NP

NP is the set of languages that can be decided by a hon-deterministic
Turing machine whose run-time can be bounded by p(n), where p is a
polynomial and n the size of the respective input.

Show that the following problems are in NP
Crique = {(G,k) | Graph G has complete subgraph with k nodes}

VERTEXCOVER := {(G,k) | Graph G has vertex cover of size < k}

3-SAT = {(¢) | bool. formula ¢ in 3-CNF has assignment of variables s.t.
¢ evaluates to TRUE.}

Remark: A vertex cover is a subset V' C V of nodes of G = (V,E) such that
every edge of G is adjacent to a node in the subset.

¢ is in 3-CNF if it is of the form CyA...ACm, where C; = L; 1VL; VL, 5 are
clauses of at most three literals L; j=x or L; =X, of negated or non-negated
variables x,...,xp of ¢.
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Exercise 2: Decision and Optimization Problems

UNI

O
&
2
a
7]
o
[* 9

Is the following problem an optimization or a decision problem?
Transform it into the respective other problem type.

DOMINATINGSET:

A dominating set of graph G = (V,E) is a subset D C V, s.t.
for every vertex ve V: v e D orv adjacentto anode u € D.

Input: Encoding (G, k) of an undirected, unweighted,
simple graph G = (V,E) and k € N.
Question: Is there a dominating set with at most k nodes?
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Exercise 2: Decision and Optimization Problems
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Is the following problem an optimization or a decision problem?
Transform it into the respective other problem type.

VERTEXCOLORING:
A vertex coloring of a graph G = (V,E) is a mapping
c:V—{1,...,k} such that c(u) =c(v) = {u,v} ¢ E.
Input: Encoding (G) of an undirected, unweighted, simple
graph G = (V,E).
Question: What is the smallest k for which a valid vertex
coloring ¢ of G exists?
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Exercise 3: The class NPC

Show that
INDEPENDENTSET:= {(G, k) |graph G has an independent set of size k}.
Is NP-complete. Use that

Crique := {{G,k) | graph G has a clique of size k}.

is NP-complete.

Remark: An independent set of size k of G=(V,E) is a subset | C V
of nodes, such that |l| =k and {u,v} ¢ E forallu,v € lLu#v.

A clique of size k of G = (V,E) is a subset C C V of nodes, such that
|Cl=k and {u,v} € Eforallu,v e C,u#v.
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Exercise 4: The class NPC

Show that

DoMINATINGSET := {(G,k) | Graph G has dominating set of size < k}
Is NP-complete. Use that

VERTEXCOVER := {(G,k) | Graph G has a vertex cover of size < k}

is NP-complete.
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Exercise 5: NP-hard Problems

Show that the Halting Problem H is NP-hard. Use that
SAT = {(¢) | bool. formula ¢ has assignment of variables s.t. ¢ is TRUE.}

is NP-hard.

Hint: For any boolean formula ¢ give an algorithm A that stops on
input ¢ if and only if ¢ is satisfiable.
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