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Exercise 1: Undecidable or Not Turing recongnizable Problems (4+4 Points)

1. Show that EQrar = {(My, Ma) | My, My are Turing Machines and L(M;) = L(M>)} is undeci-
dable.

Hint: You may use that Epyy = {(M) | M is a Turing Machine and L(M) = (} is undecidable.

2. Fix an enumeration of all Turing machines (that have input alphabet X): (M), (Ms), (Ms3), . ...
Fix also an enumeration of all words over X: wq, ws, ws, . ...

Prove that language L = {w € ¥* | w = wj, for some i, and M; does not accept w;} is not
Turing recognizable.

Hint: Try to find a contradiction to the existence of a Turing machine that recognizes L.

Exercise 2: The Halting Problem Revisited (4+4 Points)

Show that both the halting problem and its special version are both undecidable.
1. The halting problem is defined as
H = {(M,w) | (M) encodes a TM and M halts on string w}.

Hint: Assume H is decidable and try to reach a contradiction by showing that some known
undecidable problem (cf. from the lecture) is decidable.

2. The special halting problem is defined as
Hy, = {(M) | (M) encodes a TM and M halts on (M)}.

Hint: Assume that M is a TM which decides Hs and then construct a TM which halts iff M
does not halt. Use this construction to find a contradiction.

Exercise 3: O-Notation Formal Proofs (1+2+3 Points)

Roughly speaking, the set O(f) contains all functions that are not growing faster than the function f
when additive or multiplicative constants are neglected. Formally:

g€ O(f) <= Fc>0,IM e N,Vn> M : g(n) <c- f(n)

For the following pairs of functions, state whether f € O(g) or g € O(f) or both. Proof your claims
(you do not have to prove a negative result ¢, though).

(a) f(n)=100n, g(n) =0.1-n?
(6) F(n) = Vi, g(n) = Vi
(c) f

(n) = logy(2" - n3), g(n) = 3n Hint: You may use that logon < n for all n € N.



Exercise 4: Sort Functions by Asymptotic Growth

(7 Points)

Give a sequence of the following functions sorted by asymptotic growth, i.e., for consecutive functions
g, f in your sequence, it should hold g € O(f). Write “g = f” if f € O(g) and g € O(f).

logy(n!)
3n
loggn
n-2"

NG

nlOO

1019 p

n

n

271
logy(v/n)

n!

v/logam

log,(n?)
(logy 1)?
nlogyn

n2



