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Exercise 1: Miscellaneous Mathematical Proofs (3+1+1+2+1 Points)

1. Let S(n) =
∑n

i=1 i be the sum of the first n natural numbers and C(n) =
∑n

i=1 i
3 be the sum

of the first n cubes. Use mathematical induction to prove the following interesting conclusion:
C(n) = S2(n) for every n.

2. Let A,B, and C be subsets of U . Which of the following statements is true? Justify.

� If A ∩B = A ∩ C, then B = C.

� If A ∪B = A ∪ C, then B = C.

� A ∪B = A ∩B, where A is the compliment of A.

3. Let A1, A2, ..., Ak be nonempty subsets of U , where k is any positive integer. Prove that there
exists a nonempty subset A ⊆ U such that A ∩Ai ̸= ϕ, for all i ∈ {1, 2, ..., k}.

Exercise 2: Graphs (Part 1) (3+3 Points)

A simple graph is a graph without self loops, i.e., every edge of the graph is an edge between two
distinct nodes. The degree d(v) of a node v ∈ V in an undirected graph G = (V,E) is the number of
its neighbors, i.e, d(v) = |{u ∈ V | {v, u} ∈ E}|. Let m ≥ 0 denote the number of edges in graph G.

1. Prove the handshaking lemma i.e.
∑

v∈V d(v) = 2m via mathematical induction on m for any
simple graph G = (V,E).

2. Show that every simple graph with an odd number of nodes contains a node with even degree.

Exercise 3: Graphs (Part 2) (2+4 Points)

A graph G = (V,E) is said to be connected if for every pair of vertices u, v ∈ V such that u ̸= v there
exists a path in G connecting u to v.

1. Prove that if G is connected, then for any two nonempty subsets V1 and V2 of V such that
V1 ∪ V2 = V and V1 ∩ V2 = ϕ, there exists an edge joining a vertex in V1 to a vertex in V2.

2. Let G be a simple, connected graph and P be a path of the longest length ℓ in G. Show that if
the two ends of P are adjacent, then V = V (P ), where V (P ) is the set of vertices of P .
Hint: Try to argue by contradiction.


