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Do not open or turn until told so by the supervisor!

• Put your student ID in front of you or on the table next to you.

• Write your name and matriculation number on this page and sign the document.

• Your signature confirms that you have answered all exam questions yourself without any help, and that
you have notified exam supervision of any interference.

• You are allowed to use a summary of six handwritten, single-sided A4 pages.

• No electronic devices are allowed.

• Write legibly and only use a pen (ink or ball point). Do not use red! Do not use a pencil!

• You may write your answers in English or German language.

• Unless explicitly stated otherwise, you are allowed to use algorithms and data structures from the lecture
in a blackbox way. When using hash tables in an application, you can assume that all hash table operations
require constant time.

• Only one solution per task is considered! Make sure to strike out alternative solutions, otherwise the
one yielding the minimal number of points is considered.

• Detailed steps might help you to get more points in case your final result is incorrect.

• The keywords Show..., Prove..., Explain... or Argue... indicate that you need to prove or explain
your answer carefully and in sufficient detail.

• The keywords Give..., State... or Describe... indicate that you need to provide an answer solving the
task at hand but without proof or deep explanation (except when stated otherwise).

• You may use information given in a Hint without further explanation.

• Read each task thoroughly and make sure you understand what is expected from you.

• Raise your hand if you have a question regarding the formulation of a task or if you need additional
sheets of paper.

• A total of 30 points is sufficient to pass and a total of 60 points is sufficient for the best grade.

• Write your name on all sheets!

Task 1 2 3 4 5 6 Total

Maximum 15 15 10 10 15 15 80

Points
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Task 1: Short Questions (15 Points)

(a) Consider a basic binary search tree T as discussed in the lecture. By a basic binary search tree,
we mean one that is not balanced by using rotations. Take two elements x and y, such that x /∈ T
and y ∈ T . If we perform insert(x) followed immediately by remove(x), is the resulting tree
always identical to T? What happens if remove(y) is performed first, and then insert(y)?
Briefly justify your answers or construct an example if the answer is ”no”. (5 Points)

(b) Let pre1 = {15, 9, 8, 5, 14, 11, 22, 25, 23, 28} and pre2 = {5, 3, 2, 4, 7, 8, 6} be two key sequences
that supposedly result from a preorder traversal of a binary search tree. Draw the corresponding
search trees T1 and T2, if possible. If it is not possible, explain why. (5 Points)

(c) What is the asymptotic complexity of the following pseudocode? State the complexity in terms
of Θ(·)-notation and give an explanation. How large will y be asymptotically at the end of the
execution of the algorithm? Give bounds on the size of y by using Θ(·)-notation and give an
explanation. The asymptotic behaviour for both questions should be given as a function of the
input parameter n.

Algorithm 1 Mystery(n)

i← 1
y ← 0
while i < n do

y ← y + i
i← i · 2

(5 Points)
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Task 2: Landau-Notation (15 Points)

(a) Below are 5 functions in n ∈ N. Give a sorted order of these functions in terms of asymptotic
growth. That is if f appears before g in the sorted order, then f(n) ∈ O(g(n)). You are only
required to give the correct order, proofs are not necessary. You can assume that all logarithms
are to base 2. (5 Points)

• (8 log(n))3

• 1
10 log(n

100)

• 2
√
n5

• 1.01n

• 6n2 + 3n+ 5 log n

(b) Disprove based on the definition of the Landau-Notation:

n3/4 · n1/8 · n1/3 ∈ Θ(n)

(3 Points)

(c) Prove using the definition of the Landau-Notation:

n ∈ Ω(22
√
logn)

(3 Points)

(d) Prove using the definition of the Landau-Notation:

n! ∈ o(nn)

(4 Points)

4



Solution Task 2

5



Task 3: Counting elements (10 Points)

Given an array A of n elements, design and describe an O(n)-time algorithm that outputs how often
each distinct element occurs in the array. Argue why your algorithm has the desired time complexity.

Input

• An array A of n integers.

Output

• For each distinct element x in A, output a pair (x, fx), where fx is the number of times x occurs
in A.

Example

Input:

A = [4, 2, 4, 3, 2, 2]

Output:

(4, 2)

(2, 3)

(3, 1)

(Note: The order of the output pairs does not matter.)
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Task 4: Off to the Movies (10 Points)

Consider the road network of the large city of Cinemapolis, represented as a directed graph G = (V,E)
(with n = |V | and m = |E|) and a weight function w : E 7→ N, which reflects travel times by car. Let
K ⊂ V be the locations of the cinemas in Cinemapolis.

(a) Two friends (living at nodes v1 ∈ V and v2 ∈ V ) want to go to the cinema together. There are
k = |K| cinemas, and they want to find a cinema that is most convenient for both of them, i.e.,
the larger of the two travel times should be as short as possible. Formally, we want to compute
c∗ ∈ K, such that

c∗ := argmin
c∈K

{max{dist(v1, c),dist(v2, c)}}

Give an algorithm that solves this problem efficiently. Analyse the runtime of your algorithm in
terms of n, m, and k.

(5 Points)

(b) Now assume that k = |K| = log n. With the release of ”Star Wars Zero” in the cinemas, even
l =
√
n friends (living at nodes v1, v2, . . . , vl) decide to go to the cinema together. Again they

want to choose a cinema such that the maximum travel time is minimized. If you tried to use
your algorithm from task (a) to solve this problem, what would be the runtime? Either optimize
your algorithm from task (a), or design a new and efficient algorithm for this scenario. Analyse
the runtime of your algorithm.

Note: To avoid having to write ⌊logn⌋, ⌊
√
n⌋, you may assume that both logn and

√
n are

integers. (5 Points)
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Task 5: Minimum Spanning Tree (15 Points)

(a) Given an undirected, connected graph G = (V,E) with |E| = |V | = n and a weight function
w : E 7→ N. Provide an algorithm that computes a minimum spanning tree T of G in time O(n).
Argue that your algorithm has the desired complexity and that it is correct.

Hint: Recall that trees with n nodes always have n−1 edges. So, since the graph G has exactly
n edges, it is ”almost a tree”.

(10 Points)

(b) Apply Prim’s algorithm to the graph shown below. Start with node C. Mark the edges that
are in the resulting tree (if coloring: do not use red!!) and write down the order in which the
edges are added to the tree.

Hint: If some edge weight appear twice on the same edge, this is just for clarity — the weight
is not to be considered twice as large.

(5 Points)
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Task 6: Minimum Cost to Paint Houses (15 Points)

You are given n houses in a row, and there are k available colors. The cost of painting each house
with a certain color is given in a 2D array costs of size n× k, where costs[i][c] represents the cost of
painting house i with color c.
Your task is to paint all the houses such that no two adjacent houses have the same color, and the
total cost of painting all houses is minimized.
Describe a dynamic programming algorithm that solves the problem in O(n · k) time. Analyse the
time complexity of your algorithm.

Example

Input:

n = 3

k = 3

costs = [

[1, 5, 3],

[2, 9, 4],

[3, 6, 1]

]

Output:

6

Explanation

The optimal way to paint the houses is:

• House 0: color 2 (cost = 3)

• House 1: color 0 (cost = 2)

• House 2: color 2 (cost = 1)

Total cost = 3 + 2 + 1 = 6

Suboptimal solutions: Up to 10 out of 15 points can be gained with an algorithm that solves the
problem in O(n · k2) time.
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