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Do not open or turn until told so by the supervisor!

• Put your student ID in front of you or on the table next to you.

• Write your name and matriculation number on this page and sign the document.

• Your signature confirms that you have answered all exam questions yourself without any help, and that
you have notified exam supervision of any interference.

• You are allowed to use a summary of six handwritten, single-sided A4 pages.

• No electronic devices are allowed.

• Write legibly and only use a pen (ink or ball point). Do not use red! Do not use a pencil!

• You may write your answers in English or German language.

• Unless explicitly stated otherwise, you are allowed to use algorithms and data structures from the lecture
in a blackbox way. When using hash tables, you can assume that all hash table operations require constant
time.

• Only one solution per task is considered! Make sure to strike out alternative solutions, otherwise the
one yielding the minimal number of points is considered.

• Detailed steps might help you to get more points in case your final result is incorrect.

• The keywords Show..., Prove..., Explain... or Argue... indicate that you need to prove or explain
your answer carefully and in sufficient detail.

• The keywords Give..., State... or Describe... indicate that you need to provide an answer solving the
task at hand but without proof or deep explanation (except when stated otherwise).

• You may use information given in a Hint without further explanation.

• Read each task thoroughly and make sure you understand what is expected from you.

• Raise your hand if you have a question regarding the formulation of a task or if you need additional
sheets of paper.

• A total of 35 points is sufficient to pass and a total of 70 points is sufficient for the best grade.

• Write your name on all sheets!

Task 1 2 3 4 5 6 Total

Maximum 15 12 10 13 15 15 80

Points
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Task 1: Landau-Notation (15 Points)

(a) Sort the following functions by asymptotic growth (from smallest to largest). You only need to
give the correct order. All logarithms are base 2.

• a(n) = n log n

• b(n) = 2
√
logn

• c(n) = n1.5

• d(n) = log5 n

• e(n) = 4(4
n)

• f(n) = 1.001n

(6 Points)

(b) Using the definition1 of Landau notation, prove or disprove:

3n logn+ 7n ∈ Θ(n logn)

(5 Points)

(c) Give an example of two functions f, g such that

f(n) ∈ O(g(n)) but f(n) /∈ Θ(g(n)).

Proof that your functions satisfy the requirements, you may use limits to show this. (4 Points)

1A proof using just limits will give 0 points.
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Solution Task 1
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Task 2: Binary Search Trees (BST) (12 Points)

(a) Assume we insert the keys 1, 2, 3, . . . , n (in this order) into an empty binary search tree (BST).

• Describe the shape of the resulting BST.

• What is the worst-case time complexity of search in this BST?

(3 Points)

(b) Consider the following binary search tree. Draw how the tree will look like after deleting key x
from the tree.
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75 85

100

(4 Points)

(c) Show that any binary tree of height h ∈ N can contain at most 2h+1 − 1 keys. As a consequence
of this, what is the minimum height of a BST that stores n keys?

(5 Points)
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Solution Task 2
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Task 3: Most Frequent Element (10 Points)

Given an array A of n integers, design an O(n)-time algorithm that returns an element that occurs
most frequently in the array (ties may be broken arbitrarily).
Input:

• Array A of n integers.

Output:

• An element with maximum frequency in A.

Example:
Input:

A = [5, 2, 5, 3, 2, 5]

Output:
5

Describe your algorithm running in the desired runtime. Argue why your algorithm computes a correct
solution. Analyze the running time of your algorithm.

6



Solution Task 3
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Task 4: Meeting Point (13 Points)

Two people want to find a common meeting point. We model the street network as a graph.
Let G = (V,E) be a directed graph with non-negative edge weights w : E → N.
The two people start at nodes s1 ∈ V and s2 ∈ V and they want to meet at some node v ∈ V such
that the sum of their travel times to v is minimized.
Describe an algorithm that computes an optimal meeting node in O((m + n) log n). Briefly justify
correctness and prove that your algorithm has the desired time complexity.
Hint: You may use algorithms from the lecture as black boxes.
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Solution Task 4

9



Task 5: Minimum Spanning Tree (15 Points)

Let G = (V,E) be a connected undirected graph with positive edge weights.

(a) Suppose all edge weights in G are distinct.

Show that G has a unique minimum spanning tree (MST). (i.e. that there exists exactly one
subset of edges that forms an MST in G) (6 Points)

(b) Explain how union find datastructures are used in Kruskal’s algorithm and give asymptotic
bounds on how often the find and union operations are used. (4 Points)

(c) Consider the following undirected, connected, weighted graph G = (V,E).
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Execute Prim’s algorithm starting at node A.

List the edges in the order in which they are added to the minimum spanning tree.

(5 Points)

Note: If multiple edges have the same weight, break ties alphabetically by the lexicographically
smaller edge (e.g., AB before FI, or DH).
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Task 6: Minimum Cost Stair Climbing (15 Points)

You are given a staircase with n steps numbered 1 to n. Each step i has an associated cost c[i] ≥ 0
that must be paid when stepping on it.
You start before step 1 and want to reach step n. From step i you may move either to step i + 1 or
step i+ 2, so you can either go to the next step, or skip one.
Your task is to reach the top (so reach step n) with minimum total cost.
Input:

• Integer n

• Array c[1..n] of step costs

Output:

• The minimum total cost to reach step n

Example:

c = [1, 100, 1, 1, 100, 1]

Optimal cost: 4 (one optimal path visits steps 1 → 3 → 4 → 6)

Give an algorithm that solves this problem in O(n) time. If using Dynamic Programming (which is
recommended) explicitly state the recurrence relation that you are using. Argue why your algorithm
has the desired time complexity.
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