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Exercise 1: Constructing DFAs, NFAs (9 Points)

Construct DFAs that recognize the first two languages and an NFA that recognizes the last language.
The alphabet set is ¥ = {a, b}.

(a) L1 = {w | w has an odd number of a’s and ends with b}. (8 Points)
(b) Lo = {w | w is any string except bb and bbb}. (8 Points)
(¢) Ly = {w | w is any string where at least one of the symbols a or b occurs an even number of times}.

(8 Points)
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Bonus :
The following DFA accepts the empty language:

> ={0,1}

start —

Remark: There’s a difference between the following two languages L1 := () and Ly := {e}, where the
empty string € is defined as a string of length |e| = 0.

The empty language ) is a set containing no strings, while Ly = {€} is a set containing ¢, while ¢ is
just a string but a string containing no symbols. So, Ly, Lo are different languages since Lo contains
a string while L; is empty (0 = |L1] # |L2| = 1).

Exercise 2: Closure of Regular Languages (6 Points)

(a) Show that if M is a DFA that recognizes language L, you can construct a new DFA M’ that
recognizes the complement of L i.e. L := ¥* \ L. Conclude that the class of regular languages is
closed under complementation. (2 Points)

Let L; and Lo be regular languages.
(b) Show that L; N Le is regular by constructing its corresponding DFA. (2 Points)

(c) Deduce from parts 1 and 3 that regular languages are closed under the symmetric difference i.e.
L1ALs is also regular. (2 Points)

Remark: There’s no need for drawing state diagrams. Just explain how a DFA for the language in the
question can be constructed presuming the existence of DFAs for L, L1, and L.

Sample Solution

(a) Let M = (Q,%,9,qo, F) be the DFA recognizing L. We define the DFA M = (Q,%,9, @,F) by
inverting the set of accepting states of M, i.e. F := @ \ F. We show that M’ recognizes L.

If w € L, then w ¢ L and so M halts in an non accepting state ¢ when processing w. M’ will halt
in the same state (because we only changed the set of accepting states), but here ¢ is an accepting
state. Analogously, if w ¢ L, then w € L and so M halts in an accepting state when processing



w. M’ will again halt in the same state, but here ¢ is a non accepting state. So we have that M’
halts in an accepting state when processing w if and only if w € L.

Therefore, if M is a DFA that recognizes language L ( so L is a regular language), then we can
construct a new DFA M’ that recognizes the language L ( so L is also regular). Hence, the class of
regular languages is closed under complementation (notice that the class of languages recognized
by DFAs is actually the class of regular languages ( Definition 1.16 p. 19)).

Note: The same idea does not work for NFA’s, since unlike for DFA’s the path of computation
for the same string is not necessarly unique. As a concrete example, consider the NFA given in
Ezercise 8 below. Consider string “ab”. It is accepted in the original NFA. (In particular, the NFA
can halt in state qa.) However, once you swap the non-accept and accept states, in the new NFA,
this string is still accepted. (In particular, the new NFA can halt in state qq.)

For proving the regularity of Ly N Ly, we construct the product automaton like done in the
lecture (Theorem 1.25. p. 30) for Ly U Lo, with the difference that we set F' := F} x Fy as the
set of accepting states, where F; and F5 are the sets of accepting states of the DFAs for L1 and L.

Alternative approach: using De Morgan’s law we obtain: L1 N Ly = (EUE) Thus L1 N Ly
is regular, since we already know that regularity is conserved by complementation and a finite
number of unions of regular languages (cf. lecture).

We know that the set difference of languages L and Lo is defined as L1\Las = L1 N Lo and after
showing that regular languages are closed under intersection and complement in parts 1 and 3
respectively, it follows that regular languages are also closed under set difference.

Finally, we have that the symmetric difference of L; and Lo is defined as LiALy = (L1 \ L) U
(L2 \ L1) and we know from the lecture that regular languages are closed under union. Moreover,
we have just proved that regular languages are also closed under set difference, hence regular
languages are also closed under the symmetric difference.

Exercise 3: NFA to DFA (5 Points)

Consider the following NFA.

(a)

(b)
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Give a formal description of the NFA by giving the alphabet, state set, transition function, start
state and the set of accept states. (2 Points)

Construct a DFA which is equivalent to the above NFA by drawing the corresponding state dia-
gram. (2 Points)

Bonus question: Fxplain which language the automaton accepts.



Sample Solution

(a) The set of states is @ = {qo,q1,q2}; the alphabet ¥ = {a,b}; the starting state is go; the set of
accept states is F' = {¢a}; the transition function is shown in the following table.

q0 q1 q2
a A{q} 0 0

b {q.a1} {q,%} {qw}
€ ] 0 0

(b) After performing the algorithm from the lecture, we obtain the following DFA. All transitions
which are not in the picture go to the garbage state ().

{q07 q1, QZ}

Bonus solution: The recognized language contains words of length at least two. Furthermore any
a is immediately followed by a ’b’. The number of b’s after the last a should not be two or three.



