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Weighted Interval Scheduling

UNI

e G@Given: Set of intervals, e.g.

[0,10],[1,3],[1,4], 4,7],(5,8],15,12],17,9],9,12],[8,10],[11,14],[12,14]
 Eachinterval ha

[0,101{D) [11,14)(5)
[1,3], 1 14,71,5 (|i7,9], 4] [9,12],8
[1,4], 10 [5,8], 1 [8,10], 1 [12,14], 1
[3,5], 2 [5,12], 25

3 14

o 1 2 3 4 5 6 7 8 9 10 11 12 1

 Goal: Non-overlapping set of intervals of largest possible weight

FREIBURG

— Overlap at boundary ok, i.e., [4,7] and [7,9] are non-overlapping

 Example: Intervals are room requests of different importance
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Greedy Algorithms
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Choose available request with earliest finishing time:

[0,10], 1 [11,14], 5
[1,3], 1 [4,7,5 [7,9],4| [9,12],2
N\
[1,4], 10) [5,8],1 |[810]1 12,14, 1
3,5], 2 (5,121, 25

o 1 2 3 4 5 6 7 8 9 10 11 12 1

3 14

e Algorithm is not optimal any more

— It can even be arbitrarily bad...

 No greedy algorithm known that works
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Solving Weighted Interval Scheduling

|
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UNI

Interval@star’%tlme s(i), finishing time: t(i), weight: w(i)
L€Z9 %

Assume intervals 1, ..., n are sorted by increasing t(i)

- 0<f(1) =f(2) <-- < f(n),for convenience: f(0) =0

Simple observation:

Opt. solutionterval_pror i@’t contair) interval ¢

Weight of optimal solution for only intervals 1, ..., k: W (k)
Define p(k) := max{i € {0, ...,k — 1} : f(i) < s(k)}

’—l<

Opt. solution does not contain interval n: W(n)‘} sy (n — 1)

Opt. solution contains interval n: W(n) = w(n) + W(p(n))
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Example
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Interval:
| ~ywish bafore
1 [0,5], w=2 Heck 4 <
2 — [1,7], 4 )
3 SLD l [519]1 4 ‘t
4 . [2,11], 5
5 f [9,12], 2
7
6 o [10,13], 1

p(1) =0
p(2) =0
p(3) =1
p(4) =0
p(5) =3
p(6) =3

(%(E) :I (avslﬂg% Ilcksls}. I_-l%c'ﬂl Ssl(\:.)l @:;;M Ibz'l;flz ~Mlé, k)
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Recursive Definition of Optimal Solution  _
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e Recall:
— (W (k)y weight of optimal solution with intervals 1, ..., k : f
— p(k): last interval to finish before interval k starts T ﬁ\

l/ ..)?((‘-) |
e Recursive definition of optimal weight:

Vk > 1: W(k) = max{W(k — 1) w(k) + W(p()))
CS?T \\o-.‘.u ™ |<ﬁ
W) =w() k#m = "qu(u_‘_w(?(lcﬂ

 Immediately gives a simple, recursive algorithm
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Running Time of Recursive Algorithm
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1 p(1) =0

2 p(2)=0

3 p3)=1

4 p(4)=0

5 p(5) =3%
6

W(3) WO W)

/
W) w(3) | W(Z)/7 w(1)
W (3) mﬁ @@
t TR UNPEATER  AeDv3 5@""‘}
wiz) —%ngo«%%&a.ﬂ “ W
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Memoizing the Recursion
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 Running time of recursive algorithm: exponential!

* But, alg. only solves n different sub=problems: W (1), ..., W (n)

e There is no need to compute them multiple times

Memoization:
e Store already computed values for future use (recursive calls)

Efficient algorithm: |

1. WI[0] := 0; compute valueg p (i)\ |1 [ ]
2. fori:=1tondo -

3. Wli] == max{ww + w}

e

4. end Q(‘Dd
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Example
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= p(1) =0

w =4) p(2) =0&—

] @ \ p(3) = 18—
w = p(4) =0%—

p(5) =3

=1 p(6) =3

p(7) =5

<
|l
\N

© N Ul W N R
S
I
N

! \( 1 w<X6) p(8) =4

Cowﬁt'ﬂ'\g E\I’/\\gks I’@t{b:l_ﬁ}@!pe\m%aﬂiome from!
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Matrix-chain multiplication

Given: sequence (chain) (4, 4,, ..., Am) of matrices

Goal: compute the product4; -4, ...- A®

CAAAIAY . (A Ad) (... AD)

Problem: Parenthesize the product in a way that minimizes
the number of scalar multiplications.

Definition: A product of matrices is fully parenthesized if it is

e asingle matrix

e orthe product of two fully parenthesized matrix products,
surrounded by parentheses.
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Example
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All possible fully parenthesized matrix products of the chain

(A1, A,y A Ay):

Algorithm Theory, WS 2012/13

(A4, (A2(A344)))

(A;((4,45) 4,))

((A14;)(A34,4))
((A;(A43)) Ay)

(((A14,)43) Ay)

Fabian Kuhn
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Different parenthesizations

|
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Different parenthesizations correspond to different trees:

3 4
(A1(4,(4344))) ((414,)(4344))

(41((A243)4,)) (((414,)45)A,)
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Number of different parenthesizations
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e Let P(n) be the number of alternative parenthesizations of

the product A - ...- A: O \
P(1) =1 Ay /&g Ay A

P(n)—ZP(k) P(n—k), fornz2

2 4™
()=o)

P(n+1)=C, (n'"Catalan number)

P(n+1)=n_|_1

e Thus: Exhaustive search needs exponential time!
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Multiplying Two Matrices
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A= (aij)pxq B = (bij)qxr A-B=C=(c),.,

O St

Remark

Algorlthm Matr/x-Mult

Input: (p X q) matrix 4, (g x r) matrix B Using this algorithm, multiplyin
Output: (p xr)matrixC = A-B two (n x n) matrices require@
1 fori:=1topdo multiplicatio his can also be

2 forj:=1tordo done using

3 Cli,j] = 0; multiplications.

4 for k := 1toqdo

5 Cli,jl = Cli,j] + Ali, k] - B[k, ]

Number of multiplications and additions
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Matrix-chain multiplication: Example

Computation of the product A; 4, 4;, where

A, : (50 x 5) matrix
A, : (5 x 100) matrix
A, : (100 x 10) matrix

a) Parenthesization ((A; 4,)A;) and (41 (4,4A3)) require:

A = (A A,): (50% (09) —wabix A" = (A,A3): CSx10) - waadrix

UNI
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0.5 :lvo = 25’000 T-wo- O = Sovo
A'A3: 500100 10= SO000 A A" S0-S 10 = 2Se=
= | |
Sum: 43500 e
Ep————
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Structure of an Optimal Parenthesization .
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(Ap.+): optimal parenthesization of Ay - ...+ A,

Forsome 1 <k <n: (A1 n) = ((A1.1) " (Ak+1.n))
oYT t err 7
* Any optimal solution contains gptimal solutions for sub-problems

e Assume matrix 4; isa (d;_; X d;)-matrix d, < ,4 )

e Costtosolve sub-problem A, .. A, <r optlmally C(,r)

‘ ..--'A Corb e wnll. Ayl it
e Then: -}ilf- hol J / > "I‘;..TL
C(a,b) = Zlklllbc a, kT) + C(k + 1, b) @
C(a,a) =0 12ensse. e
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Recursive Computation of Opt. Solution  _
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Compute Al . AZ . A3 . A4 . A5: J

€5)

Cazd  €a3p Ca4a C@s) B €@

3

a2 €3y CEACEsY
€2 €3 €23 LA CRAH) C23) CE5)) C®S)
Ca2p €3 CRIPCEA Ce3TCEH CBAHCHS)
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Using Meomization A, ..
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Compute Al . AZ . A3 . A4 . A5:

Compute 4; - ...- Ap: -
e Each C(i,j), i < jis computed exactly once = 0(n?) values
* Each C(i, ) dir. depends on C(i,&), C®))) for i <k<j

Cost for each 0(n) = overall tim
—
18
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Dynamic Programming
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,Memoization” fpr increasing the efficiency of a recursive solution:

e Only the first time a sub-problem is encountered, its solution is
computed and then/stored in a tabIe( Each subsequent time that
the subproblem is encountered, the value stored in the table is
simply looked up and returned

(without repeated computation!).

e Computing the solution: For each sub-problem, store how the
value is obtained (according to which recursive rule).
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Dynamic Programming

Dynamic programming / memoization can be applied if

. {E)ptimal solution ontainsk)ptimal solutions to sub-problemsj
(recursive structure)

e Number of sub-problems that need to be considered is small

(Al' A‘)@ku -~ A“‘>
N—V ~
bh!rwmuqm/( 2
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Remarks about matrix-chain multiplication
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1. There is an algorithm that determines an optimal
parenthesization in time

\ O(n -logn). /

2. There is a linear time algorithm that determines a
parenthesization using at most

1.155 - C(1,7n)

e

multiplications.
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Knapsack
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* nitems], ..., n, eachitem has weight w; and value v;

. K_@gg_ck(bag) of capaut@ -

e Goal: pack items into knapsack such that total weight is at
most W/ and total value is maximized:

max z Vi
LES

st@C{l n}andz:wl_

e E.g.:jobs of length w; and value Vj, server available for W
time units, try to execute a set of jobs that maximizes the
total value
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Recursive Structure?
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e Optimal solution: O Hews ; A,

+ Ifn ¢ 0:0PT(n) = OPT(n — 1) ned s ué 0

e Whatifn € 0?

— Taking n gives value v,

— But, n also occupies space w,, in the bag (knapsack)

— There is space for W — w,, total weight left!

OPT(n) = w,, + optimal solution with first n — 1 items

and knapsack of capacity KE — Wy,
W= ¢

A A ~— 7;& eV
2, 2 @
2, A @/
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A More Complicated Recursion
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OPT(k, x): value of optimal solutlor.\ with items 1, ..., k
and knapsack of capacity x

—_—

Recursion:
) b ok epd solubin des [k, copadily x

SPT( L, 0= O(’T(L'l, x)

2 \4 [ e\gl . /a(m]"\a-u\ (I‘tew.s /(/.--,la y Cafac;v‘bx>

ORC () = Yy + TP (e X700
=

Algorithm Theory, WS 2012/13 Fabian Kuhn
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Dynamic Programming Algorithm

Set up table for all possible OPT(k, W")-values
e Assume that all weights w; are integers!

1 2 3 w : :
Row i, column j:
1
OPT(i,j)

Oférwu.a‘ ‘So\MA‘\d«
lews ,2

aafac;“a 3

i Wels (= y U\])

T
N
SPU -\, W-w )V,
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Example.as .
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e 8items: (_3,211’), (é,ﬁ), (4(1), (5,6), (3,3), 94,3% (5,4),(6,6)

Knapsack capacity: 12 weight value

—_ C‘?fde

e OPT(k,x) = max{OPTgc —1,x),0PT(k —1,x — wy) + vy}
1 2 3 4 5 6 7 8 9 101112

rlolol2z|zl2|22l2]|2|2[2]2
;ﬁ’r*‘

200 4[4 |4 |6 |C|c|cle|C| c|cC
“{_e’us\rl!—' s
Kol e A A I A A AR KA K
| |

1
5 =
~—]_

° I

7 o |
8 RS
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Running Time of Knapsack Algorithm
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e Size of table:O(n-W)
e Time per table entry: 0(1) - overall time: O(nW)

e Computing solution (set of items to pick):
Follow < n arrows = 0(n) time (after filling table)

* Note: Time depends on W -2 can be exponential in n...

e And itis problematic if weights are not integers.

\)\J arb:\}fv’“‘o ‘U? lard

46D -qtgwewaw«
'?T AS ‘;a(ﬁuawid —Rume a‘a?m’ﬂ QCC&'MQ
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