Algorithm Theory

Chapter 6
Graph Algorithms

Part Il:
Basic Ford Fulkerson Analysis
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Ford-Fulkerson Algorithm
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* Improve flow using an augmenting path as long as possible:

1. Initially, f(e) = Oforalledgese € E, Gr = G

2. while there is an augmenting s-t-path P in G¢ do
3 Let P be an augmenting s-t-path in Gr;

4. f' = augment(f, P);

5 update f to be f;

6 update the residual graph G

7. end;
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Ford-Fulkerson Running Time
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Theorem: If all edge capacities are integers, the Ford-Fulkerson
algorithm terminates after at most C iterations, where

C = "max flow value" < z Co .

e out of s
Proof:

1. Atalltimes, foralle € E, f(e) is an integer
* Initially: f(e) =0
* Inone iteration:

 augmenting path P: all residual capacities are integers
* Dbottleneck(P, f) > 0 and also bottleneck(P, f) is an integer

« f'(e)=f(e)orf'(e) = f(e) £ bottleneck(P, f)
2. New flow value |f'| = |f| + bottleneck(P, f) = |f| + 1

— #Hiterations < C
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Ford-Fulkerson Running Time

UNI

FREIBURG

Theorem: If all edge capacities are integers, the Ford-Fulkerson
algorithm can be implemented to run in O (mC) time.

m: #edges

Proof:

Show that each of the < C iterations requires O(m) time.

__~ 1*iteration: O(m)
" Later iterations: 0(n)

2. Find augmenting path / conclude that no augm. path exists
e

1. Compute / update residual graph:

find positive s-t path in residual graph Gy

= Graph traversal: using DFS or BFS: O (m)
3. Update flow values: 0(n)
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s-t Cuts
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Definition:
An s-t cut is a partition (4, B) of the vertex set such thats € A4

andt € B
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Cut Capacity
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Definition:
The capacity c(A4, B) of an s-t-cut (4, B) is defined as

c(A,B) = z Ce.
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Cuts and Flow Value
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Lemma: Let f be any s-t flow, and (4, B) any s-t cut. Then,

f] = foU(4) — f"(A).

Proof:
fl= o), (=) )
- Z (f"“t(v)_ E Fin(w)) Fin(a)

= 0, exceptforv ==s

= foU(A) - £1n(4)
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Lemma: Let f be any s-t flow, and (4, B) any s-t cut. Then,

IfI = foUA) — £ (A.
Lemma: Let f be any s-t flow, and (4, B) any s-t cut. Then,

fl = f"(B) — fou(B).
Proof:
* Either do the same argument as before, symmetrically

e Or, use that f°"'(4) = f(B) and fI"(4) = f°"Y(B)
FOU(A) = F7(B)

)
\ >

Fin4) = fOU(B)
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Upper Bound on Flow Value

Lemma:
Let f be any s-t flow and (4, B) any s-t cut. Then |f| < c(4, B).

Proof:
f] = foU(4) — f™(4) < c(4,B)

foU(A) < c(A,B)

fi"(4) =0
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Ford-Fulkerson Gives Optimal Solution .
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Lemma: If f is an s-t flow such that there is no augmenting path
in G, then there is an s-t cut (A%, B") in G for which

|f| = c(4%, B¥).
Proof:

* Define A™: set of nodes that can be reached from s on a path
with positive residual capacities in G¢:

Residual capacity = 0
e ForB* =V \ A" (A%,B") isan s-t cut
— By definitions € A"andt & A"
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Ford-Fulkerson Gives Optimal Solution .
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Lemma: If f is an s-t flow such that there is no augmenting path
in G, then there is an s-t cut (A%, B") in G for which

If] = c(4%, B¥).
Proof:
A" B*
f(e) =ce Edge e from . % D
" A*toB*inG fOU(A") = c(A", B™)
ce =0  Forward edge ’

eint

>

fle)=0 Edge e from
B*to A"inG fin(A*) —0

c.’ =0  Backward edge
e’ in G¢
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Ford-Fulkerson Gives Optimal Solution
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Theorem: The flow returned by the Ford-Fulkerson algorithm is a
maximum flow.

Proof:

 Ford-Fulkerson algorithm gives a flow f* and a cut (4", B¥)

s.t. |f*| = c(A*, BY).

* We saw that |f| < c(4, B) for every valid flow f
and every s-t cut (4, B).
— And thus in particular also |f| < c(4*, BY).
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Min-Cut Algorithm
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Ford-Fulkerson also gives a minimum s-t cut algorithm:

Theorem: Given a flow f of maximum value, we can compute an
s-t cut of minimum capacity in O(m) time.

Proof:
* f maximum = no augmenting path

* We can therefore construct cut (4%, B*) as before
— By using DFS/BFS on the positive res. cap. edges of G in time O(m).

(A%, B*)is acut of minimum capacity:
— For every other s-t cut (4, B), we know that |f| < c(4, B)
— Because |f| = c(A%, B*), we therefore have

c(A*, B*) < c(4, B).
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Max-Flow Min-Cut Theorem

Theorem: (Max-Flow Min-Cut Theorem)

In every flow network, the maximum value of an s-t flow is
equal to the minimum capacity of an s-t cut.

Proof:

* Ford-Fulkerson gives a maximum flow f~
and a minimum cut (4%, B") s.t.

[f*] = c(A%, BY).

Algorithm Theory Fabian Kuhn

UNI
f

FREIBURG



Integer Capacities
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Theorem: (Integer-Valued Flows)

If all capacities in the flow network are integers, then there is a

maximum flow f for which the flow f(e) of every edge e is an
integer.

Proof:

* If all the capacities are integers, the Ford-Fulkerson algorithm
gives an integer solution.

— By induction on the steps of the algorithm, all flow values are always
integers and all residual capacities of Gy are always integers.
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