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Polynomials

Real polynomial p in one variable x:

p(x) = a,_x™ 1t + .. +ax! + a
Coefficients of p: a4, a4, ...,a,_1 ER

Degree of p: largest power of x in p (n — 1 in the above case)

Example:
p(x) = 3x3- 15x2 + 18x

Set of all real-valued polynomials in x: R[x] (polynomial ring)
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Operations on Polynomials

» Given: Polynomials p,q € R[x] of degree n — 1

p(x) =ap_1x" 1+ a, ,x" %+ +ax+a
q(x) =b,_x" 1+ b, ,x" 2+ -4+ b;x+ b,

* How expensive are basic operations on these polynomials?
- Evaluation: What is p(x,) for a given value x, € R? Wit | Faers G
« Addition: Compute the polynomial p(x) + q(x) multiplication.

 Multiplication: Compute the polynomial p(x) - g(x)

« Computational Models
- RAM (random access machine): standard model for algorithm analysis
« Reading / writing one memory cell costs 1 time unit
 Basic arithmetic op. on integers cost 1 time unit (if integers fit in a mem. cell)
 Real RAM:
 Also basic arithmetic operations on real numbers cost 1 time unit
» We will now use this assumption
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Operations on Polynomials : Evaluation

Given: Polynomial p € R[x] of degreen — 1

p(x) = ap_1x" 1+ a, ,x" %+ -+ ax+ag

Horner’s method for evaluation at specific value x,:

p(xp) = ( ((an—1xo + an—2)xp + an—B)xO + -+ a1)x0 + ag

——

peudocote: (g% ¥ 0% ta) B ey )% T4,
p=a,_1;i=n-—1;
while (i > 0) do

i=1-—1,

p=p-Xotaq

Running time: 0(n)
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Operations on Polynomials : Addition

» Given: Polynomials p,q € R[x] of degree n — 1

p(x) =a,_x" 1 +a, ,x" %+ +ax+a,
q(x) =b,_x" 1+ b, _,x" 2+ -4+ b;x+ b,

« Compute sum p(x) + q(x):

p(x) + q(x)
== (an_lxn_l + °°t + ao) + (bn_lxn_l + + bo)
=(ap_q1 + by )x™ 1+ -+ (a; + by)x + (ag + by)

* Running time: O0(n)
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Operations on Polynomials : Multiplication

Given: Polynomials p, q € R[x] of degree n — 1

p(x) = ap_x" 1+ +ax+aq
q(x) = by x™ 1+ -+ bix + by

Product p(x) - q(x): o~
~ N T —————

p(x) - q(x) = (an—1xn__21nj‘2”‘ +ap) - 2(b1_1—1xn_1 + -+ by)
= Cyp_2X + Cop3X?" 3 o ox + ¢

e—

Obtaining c,: what products of monomials have degree i?
= k

For0 <k <2n-—2: ¢ =Zaibk_l-
i=0

where a; = b; = 0 fori > n.

Running time naive algorithm: 0(n?)
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Operations on Polynomials : Faster Multiplication?

Multiplication is slow (©(n?))

Try divide-and-conquer to get a faster algorithm

Assume: degreeisn — 1, nis even

Divide polynomial p(x) = a,,_1x™" ! + --- + a, into 2 polynomials of degree */, — 1:

po(x) = an/z_lxn/z‘l + 4 ag

p1(x) = an—lxn/z_l + -+ an,
[ — T

p(0) = py(x) - x /2 + po (%)

Similarly: q(x) = g, (x) - x" 72 + g5 (%)
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Polynomial Multiplication : Divide-And-Conquer

Divide:
) =pi(0) - x 24 po (), q() = 02 () - x/2 + go(x)

— —

—_—

Multiplication:
p(x)q(x) = py(x)q,(x) f’n + ,
(Do (x)q1 (x) + p1(x)qo(x)) - x /2 + Po (x)q0 (x)

4 multiplications of degree ™/, — 1 polynomials:

\0§ZV\

T(m) =4T("/,) + 0(W) 4

Leads to T(n) = 0(n?) like the naive algorithm...
« follows immediately by using the master theorem
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Polynomial Multiplication : More Clever Recursive Solution

 Recall that
p(x)q(x) = PrEG ) (x7 +
(Po(¥)q1(x) + p1(X)qo(x)) - x /2 + BoE)Go )

- Compute () = (po) + 11 () - (40(6) + 4 ()
() =BG + po()a: () + 1 ()0 (0) + 1 ()1 ()

Algorithm:

. Compute (recursively): FHENGNEN i) GG) [HEO=IEI0HRI00) (GO HaE)

+ GG =[x+ (-1 -l -« + [
-
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Polynomial Multiplication : Karatsuba Algorithm

Recursive multiplication:
r(x) = (Po(x) + Pl(x)) : (CIo(x) + Ch(x))
p(x)q(x) =p;(x) - g1 (x) - x™
+ (r(x) — po(x)qo(x) — p1 () g1 (x)) - x /2
+ po(x) - qo(x)

Recursively do 3 multiplications of degree (/, — 1)-polynomials

\o
3 log ,3
T(n) = 3T("/2) + 0(n) S = (2_ L )
— = Z\OSiV\ -lo;,}

ubsig L"S"-
= ™) =n

‘oa LV\

3

Gives: T(n) = 0(n'°823) = 0 (n!-584%-) (see Master theorem)

Can we do even better?
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Representation of Polynomials

Coefficient Representation: Polynomial of degree n — 1 defined by coefficients ay, ..., a,,_1:

P(X) =ag+ax+ a2x2 + .-+ an_lxn—l

Point-value Representation: Polynomial p(x) of degree n — 1 is given by n point-value pairs:

p = {(xo,p(xo)), (xl,p(xl)), (xn_l,p(xn_l))}, where x; # x; fori +j.

Example: The polynomial

p(x) = 3x3 — 15x% + 18x = 3x(x — 2)(x — 3)

is uniquely defined by the four point-value pairs (9,9), (1,6), (2,0), (3,0).
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Operations: Coefficient Representation

p(x) = ap 1 X" ' +-t+ag,  q(x) =bp1x™ '+ + by

Evaluation: Horner’s method: Time 0(n)

Addition:
p(x) +q(x) = (ap—q1 + bp—1)x™ 1 + -+ (ag + by)

* Time: O(n)

Multiplication:
i

p(x) . q(x) = CZn_szn_z + -+ Cp, where Ci = z Cljbl'_j
j=0
* Naive solution: Need to compute product a;b; forall 0 < i,j <n

 Time: Naive alg. 0(n?) Karatsuba Alg. 0 (n!>84%-)
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?b\\u\‘ ,\‘\“\\U’\
Operations: CoefficientRepresentation

P = {(xo»P(xo)); Ty (xn—1;19(xn—1))}; q = {(x(), Q(xo)); Ty (xn—lr Cl(xn—1))}

* Note: We use the same points x, ..., x,,_1 for both polynomials.

Addition:
p+q = {(x0,p(x0) + q(x0)), .., (Xn-1, (1) + q(x-1))}
* Time: O0(n)

Multiplication:
p-q= {(xo;P(xo) ' Cl(xo)); T (xZn—er(xZn—Z) ‘ q(xZn—Z))}
* Time: O0(n)

 Remark: Need both polynomials at (the same) 2n — 1 points.

Evaluation: Polynomial interpolation can be done in 0(n?)
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Operations on Polynomials

Cost depending on representation:

Coefficient Point-Value
Evaluation 0(n) 0(n?)
Addition o(n) 9_(2)
Multiplication
default Al
representation improve this?
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Faster Multiplication of Polynomials?

Observation: Multiplication is fast when using the point-value representation

Idea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients We will consider

/ this first.
l Evaluation at points xg, x4, ..., X205,

Remark: We can
freely choose the
points.

2X2n point-value pairs (xl-,p(xl-)) and (xi, q(xi))

1 Point-wise multiplication ———— Time: 0(n)

2n point-value pairs (x;, p(x;)q(x;))

1 Interpolation

e

—

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Coefficient to Point-Value Representation
N=2n-1

y

Given: Polynomial p(x) by the coefficient vector (ay, a4, ..., ay_1)

Goal: Compute p(x) for all x in a given set
« Where X is of size [X| =N We will fix X later. ’

« Assume that N is a power of 2

Divide and Conquer Approach

* Divide p(x) of degree N — 1 (N is even) into 2 polynomials of degree ¥/, — 1
differently than in Karatsuba’s algorithm

* po(Y) =ap +azy+ a4y + o+ ay-_2y Va1 (even coefficients)

p1(y) =a; +azy+ a5y + -+ an-1Y Vo1 (odd coefficients)
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Coefficient to Point-Value Representation

Goal: Compute p(x) for all x in a given set X of size |X| =

« Divide p(x) of degree N — 1 into 2 polynomials of degree ¥/, — 1

po(y) = ag + azy + a3y@ + -+ ay_yy /a1 (even coefficients)
p1(Y) = a1 + azy + azy? + -+ ay_1y /271 (odd coefficients)

Let’s first look at the “combine” step:
« We need to compute p(x) for all x € X after recursive calls for polynomials p, and p;:

* Plug y = x? into py(y) and p,():

p__’_o(xz) = ag +a,x% + agxt + -+ ay_,xN7?
p (x2) = aq + azx? + asx* + -+ ay_xN2 ¢

p(x) = po(x?) + x - p1(x?)

. — NN
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Coefficient to Point-Value Representation

Goal: Compute p(x) for all x in a given set X of size |X| =N

* Divide p(x) of degree N — 1 into 2 polynomials of degree ¥/, — 1

po(¥) = ag + a,y + a,y? + -+ a,\,_zyN/Z‘1 (even coefficients)
p1(Y) = a; + azy + agy? + -+ ay_y /271 (odd coefficients)

Let’s first look at the “combine” step:

Vx€X: p(x)=po(x?)+x-pi(x?)

« Goal: recursively compute py(y) and p,(y) for all y € X?

—_—
—— ——————— -

. Where_?_(.2 = {x%: x € X}

* Generally, we have |X?| = |X|
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Coefficient to Point-Value Representation: Analysis

Let’s get a recurrence relation for the given algorithm:

Time for polynomial of degree N with set X: T(N, |X]|) j
TN, IX]) = 2-T(N /5, 1X2]) + 0 + 1X])

Assume that |X?| = |X| = N:

T(N,N) = 2-T(N/y,N)+o) = 4-T(N/,N) +0(W)
= .. =N-(T@,N)+0N))
——
T(1,N) = O(N) O(N)

We therefore get T(N, | X|) = O(N?).

= We need |X?| < |X| to get a faster algorithm!
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Faster Algorithm? Choice of X?

In order to have a faster algorithm, we need |X?| < |X|:

= |X?| < |X| if X contains values x and x’ such that x # x', but x? = x'?:

X={-1+1} = X?={+1)

We also need |(X?)?| = |X*| < |X?|:
- Can we get a set Y of size 4 such that Y? = {—1, +1}?

Complex numbers C:
- Define imaginary constant i such that i? = —1
« Complex numbers: C={a+i-b | a b € R}

Y ={-1,+1,—i,+i} = Y?={-1,+1}

vy € C\ {0}, there are exactly 2 numbers x;, x, € C such that x? = x% = x

- and more generally exactly k solutions x to the equation x* =y
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Faster Algorithm? Choice of X?

For every y € Cand c € N, there are exactly c values x € C for which x‘ =y

- Choose N as a power of 2 (say N = 2%) and the set X as known as the Nt"
~______ complex roots of unity

e |
i
r-h—\
2
Mm
‘)
82
>
I
| =
)

° i j— — {
The set X has size |[X| = N = 2° X2 are the (V/,)th

| ts of unit
+ Claim: The set X? can be definedas X ={y e C: y¥/2 =1} — celirelisy Arelel NIRRTy

et

- If y € X%, thereis x € X s.t. x> = y and thus xV = (x®)¥/2 = yN/2 = 1

—

« If yN/2 =1, thereis x € X s.t. x2 = y, and thus yV/2 = (x?)N/2 = xN =1

« With the same argumentation, we obtain that
- Fork =2 andj € {0, ..., ¢} ,we have X* = {y € C: y"/* = 1} and thus |X*| = N/k
« Hence: |X| =N, |X?|=N/2, |X*|=N/4, |X8 =N/8, .., | X" =1
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Complex Roots of Unity . i

Polar Form of Complex Numbers
« A complex number can be written as

a+i-b=r-(cos<p+i-sin<ﬁ), where r = v/ a2 + b2

=

Euler’s Formula: e'? = cos¢ + i - sing
— —

The Nt" roots of unity xg, ..., xy_1 € C such that (x;)N = 1:

. 21 2mi-k
Define|wy = e /N and x; == (wy)* = 0k =™ /N

S
 We then have

- —

. N . :
(xk)N _ (62111 k/N) _ eZm k/N'N _ p2mk-i

:%T =cos(2r - k) +i-sin(2r-k) =1
A = cos(0) +i-sin(0) =1
N
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Properties of the Roots of Unity

Cancellation Lemma: For all integersn > 0, k = 0, and d > 0, we have:

dk _ .k k+n _ .k
Wan = Wp, Wy * = Wy

Proof: Recall that w,, = e”"/r, 27 =1

dk

dic dk ( 21Tl Zni-dk Zni.k "
Win =(a)dn) = \e dn = edn =en = Wy
. _k+n ; :
211 2Tl 211
— —(k+ —k ]
wrl§+n=(en =en( n)zen . @2ml k
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Properties of the Roots of Unity

Claim: If X = {wgk :j €{0,...,2k — 1}}, we have

b3

X* = {w],:j €0, k—1}},

Proof: We just showed: w2 = ok, wlt" = ok

- Consider some x = ), € X:

e

¥ = (wh) =g = of

Iijkzw,{:w,{_k

. Clearly, |X2| = |X|/2 (IX| = 2k, |X?| = k).
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Coefficient to Point-Value Representation: Analysis
Time for polynomial of degree N with set X: T(N, | X|)
TN, X)) =2-T(N/5, 1X2[) + 0N + 1X1)

By choosing X = {w}, ..., o} 1}:
« The number of points gets halved on all recursion levels

To compute p(x) for the N points in X, we recursively compute p,(x?) and p, (x?) for all x? € X*
* p has degree N — 1, p, and p; have degree ¥/, — 1, |X’2|_= |X|/2
« Combine step: compute p(x) = po(x?) + x - p,(x?) forall x € X

CXI=N = TW) <2-T(";) +0)

T(N) =0(N -logN)
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Faster Multiplication of Polynomials?

Observation: Multiplication is fast when using the point-value representation

Idea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

2n—1 ~ Time: O(n - logn)

l Evaluation at points w3, w3, ..., w5"

2X2n point-value pairs (a)’z‘n,p(a)’z‘n)) and (w?';{m Q(wlfn))
/

~ Time: O(n)

1 Point-wise multiplication

2n point-value pairs (w’z‘n,p(w’z‘n) : q(w’z‘n))

??77?

1 Interpolation —

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients

universitatfreiburg



Discrete Fourier Transform

* The values E! a)km) fork =0,...,N — 1 uniquely define a polynomial p of degree < N.

Discrete Fourier Transform (DFT):
« Assume a = (a,, ..., ay_1) is the coefficient vector of a polynomial p (of degree < N — 1):

p(x) =ay_xVN 1+ -+ a;x + ag
* Then, the Discrete Fourier Transform of the vector a is defined as

DFTy(a) := (p&%), p(wy), ., p(w%_l))
— ~ 2 —

We abuse notation and
also write DFTy (p)
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Discrete Fourier Transform : Example

Consider polynomial p(x) = 3x3 — 15x2 + 18x and choose N = 4

Complex roots of unity:

2mi . .
cw,=e "= elm/2 = w? =

SN

cwd=1 wi=1i, wi=-1, wi=—i

L Y S—

Evaluate p(x) at w), ..., w3:

(02,p(@9)) = (1,p(D) = (1,6)
(w4,p(w4)) (l p(l)) = (i,15 + 15i)

(02, p(@d)) = ( 1,p(~1)) = (-1,-36)
(a)4, (w3) ) —i,p(— l)) = (—i,15 — 15i)

* Fora = (0,18,—15,3): DFT,(a) = (6,15 + 15i,—36,15 — 15i)
p— —_— ——————————
universitatfreiburg
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Computing of DFT : Summary Wy = Wy,

Divide-and-conquer algorithm for DFTy (p) for some poly. p with N coefficients ay, ..., ay_q:

A.Diviee ] 60— o+ )

—_— D
N > 1: Divide p into p, (even coefficients)

and p; (odd coefficients).

2.Conquer  CvAeslenforkm . WO

Solve DFTy /,(po) and DFTy ,,(p,) recursively DFETy (p) = (p(w,ﬂ’,),p(w}v), ...,p(wﬁ,"l))

—

[3:Combine ] p(h) = po((@h)?) + 0l - pi ((@h)?)

Compute DFT based on .
pu n () Po(wh/2) + 0l - p1(why2) if bk <N/,

DFTy/2(po) and DFTy /, (p1). -
Po (wllf,/év/z) + wf - py (a)llf,/lzv/z) ifk >N/,
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Small Constant Improvement

Polynomial p of degree N — 1:
(

( k) < pO(a)II\CI/Z) + wy 'P1(“)1’f//2) if ke < N/Z
plwy) = _N/2N T k- :
po (@h7s ")+ ok P (o) ife= N
)
B Po(wzlf//z) + ai’\‘/ 'Pl(wzlf//z) ifk < N/Z
po (wh5") = o 7 py (wherd”?) itk = N/,
. — —
. wl’\‘,‘N/Z — esz'(k_N/Z) = esz'k : e_z%i'g = wf-eT™ = —wk

Need to compute py(wj ) and wf - py(wy, ;) for 0 < k < NV/,.
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Example N =8
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p(wg) = po(wy) + wg - p1(wy)
p(wg) = polwz) + wg - p1(w3)
p(@3) = po(@}) + @3 - 1 (@))
p(wg) = po(w3) + w3 - p1(w3)
p(wg) = po(ws) — wg - p1(@2)
p(w§) = po(wi) — w§ - p1(w3)

p(wg) = po(ws) — wj

p(w}) = po(w3) — w3

P1 ((UZ )
P1 ((UZ )

() + g P )



Fast Fourier Transform (FFT) Algorithm

Divide-and-conquer algorithm to compute the Discrete Fourier Transform

a is coefficient vector
of polynomial p

A highly relevant algorithm in practice with many applications of degree N — 1

 many applications

Algorithm FFT(a) (input: array a of length N, where N is a power of 2, output: DFTy(a))

if n = 1 then return q,

dl% = FFT([ay, ay, ..., ay_»]);

—

d!l .= FFT([ay, as, ..., ay_10);

2TTi
Wy =€ /N;w:: ]_,

e ]

fork=0to "/, —1do
X =W d,[cl];
dy = d}[{o] + X dgsnyz = dl[cO]
W= Wy

return d = [dy, dy, ..., dy—1];

universitatfreiburg
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/I recursive computation of DFTy s, (aepen)
/I recursive computation of DFTy /5 (agqq)

/ initialize w to w = wy = 1

/I compute dj, = p(wk) and dyn/2 =1 (“)II\C/+N/2)

/| update w to w = wk



Faster Multiplication of Polynomials?

Observation: Multiplication is fast when using the point-value representation

Idea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

2n—1 ~ Time: O(n - logn)

l Evaluation at points w3, w3, ..., w5"

2x2n point-value pairs (a)’z‘n,p(a)’z‘n)) and (w’z‘n, q(wlz‘n))

1 Point-wise multiplication ~ Time: 0(n)

2n point-value pairs (w’z‘n,p(w’z‘n) : q(w’z‘n))

1 Interpolation

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation

Goal: Convert point-value representation into coefficient representation

Input: (xo, o), -+, (Xn—1,Yn—1) With x; # x; for i # j

Output:

Degree-(n — 1) polynomial with coefficients a,, ..., a,,_; such that

p(xg) =apg+a,-xg +ay x5 +-Fan,-xF =y,
n—1__

p(xy) =ap+a;-x +ay-xf +eta,q-x =y

— 2 n—1__
P(xn—1) =Qg+ Q" Xp_q+ay - Xp_ 1T+ A1 Xy 1= Yn-1

- linear system of equations for ay, ..., a,_1
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Interpolation

Matrix Notation:

1 x xg 1 Ao

1 x x1 a,
n-1 a,_

1 An—1 Xn-1 n-1

* System of equations solvable iff x; # x; for all i # j

Special Case x; = wi:

1 1 1 1
(1w, w e )
. i.o w%u a);tw- a)z(n_l)
' —= : : : " :
\1 wn1 a)rzl(n—1) wgn—1)(n—1)/
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Interpolation

Linear system:

Ao
Wi,j = a = < :
= A,

Claim:

Proof: Need to show that W ='W =,

universitatfreiburg
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DFT Matrix Inverse

—i —-(n—-1)i ( J
1 wyt wn( ) W
W_1W? — . 2j
j— n n n eee wn
(n—-1)j
L

£=0 £=0
=
We need to show that \
- (WW),; = 1fori = j L O
o (W_lw)i,j = 0 fori :/:] O h
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DFT Matrix Inverse

Need to show (W~'W); ; = {

Casei =j:

1
0

n-l1 w{)(j—i)
W=w),; = z -
’ n
#=0
ifi =
ifi %

n—1 2(i—1) n-—1

W=W);; = z wnn = z
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DFT Matrix Inverse

n-l wfU=D
W=w),; = z nn
£=0
1 ifi=j
-1 =
Need to show (W~*W); ; {O ifi % f
Casei # J: wl* = wk =1
—
n-1 f(] i) _wn(j—i)
(W_lw)i,j — z n Z(wj [ — n — -0
= =0 @
= L
33 * 1
n-—1 n i‘wu
Geometric series: gt =
=0
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Inverse Discrete Fourier Transform

1 -k w—(n—l)k
n n
Wr=|n n n
We geta = W1 - y and therefore
Yo
e = (1 w0t w#"‘”")- :
- n n n . )
— Yn-1
1 n-—1 1 n-—1
oy e\
- - an Iy, = E.Z:yj.(wnk)
=0 =
— ’
Q’(%‘)t 2332')
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