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Algorithm Theory — WS 2024/25

Chapter 1 : Divide and Conquer Algorithms
(Multiplication of Polynomials, remaining patrt)

Fabian Kuhn
Dept. of Computer Science
Algorithms and Complexity
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» The values p(wf) for k = 0, ..., N — 1 uniquely define a polynomial p of degree

Discrete Fourier Transform (DFT):
« Assume a = (aq, ..., ay—_1) is the coefficient vector of a polynomial p (of degree < N — 1):

p(x) = ay_xN 1+ -+ ayx + ag

 Then, the Discrete Fourier Transform of the vector a is defined as

DFTy(a) = (p(w}) p(w}), .. p(aN 1))
S~

We abuse notation and
also write DFTy (p)
4 —
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Faster Multiplication of Polynomials?

Observation: Multiplication is fast when using the point-value representation

ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

-1} ~ Time: O(n - logn)

l Evaluation at points w3, w3, ..., 5"

2 X 2n point-value pairs (w§n,p(w’§n)) and (wé‘n, q(wé‘n))

l Point-wise multiplication ~ Time: O(n)

2n point-value pairs (w’z‘n,p(wé‘n) : q(w’z‘n))

?7?7?

l Interpolation —

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Interpolation

Goal: Convert point-value representation into coefficient representation
Input: (x9,¥0), .., (Xn—1, Yn—1) With x; # x; for i # j

Output:

Degree-(n — 1) polynomial with coefficients ay, ..., a,,_; such that

p(xg) =ag+a;-xg +a,-x5 +-+a,q1-x{""=y,
p(x)) =ag+a,-x; +ay,-xf +-+a,q-x =y

— 2 n-—1__
P(Xp_1) =apg+ay - Xp_q1+ay- X, 4+ +ay_1 X 1= Vn-1

- linear system of equations for ay, ..., a,;—1
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Interpolation

Matrix Notation:

n—-1
1 X0 X0 Ao Yo
1 x x1 ai \_ [ N
1 Xn_l x;’::% an—l yn—l
\_,\/ N

 System of equations solvable iff x; # x; forall i # j

Special Case x; = wk:

1 1 1 1
/1 w w2 w1 \ o Yo
n n n a1 Y1
¢ — 1 w? Wi ,Zl(n_l) a; |=| Y2
\1 (1),71;_1 a)rzl(;l_l) wr(ln—l.)(n—l)/ An-1 Yn-1
- T
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Interpolation

Linear system:

W-a=y =
—

BN _

Wi,j Wy, a =
—_— a

Claim:

_1 .

Wi,j

Proof: Need to show that W W = I,
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Inverse Discrete Fourier Transform ' -
(=-C)

1 wrk w (DK
n
Wt=|n n n
I e A
We geta = W1 . y and therefore =
Yo
] il I
— n n n ’
B Yn-1
1 n-—1 l \ b
_ —kj e W i
n LY _ =—-4(w)= g 4(0n)
j=0 n —
W w-\¢
W, = W,

universitatfreiburg



DFT and Inverse DFT

Inverse DFT:
1 n—1
AN
a :_.Zyj (wi¥)
n .
J=0
1

 Define polynomial g(x) = yo + y1x + =+ y_1x™

a —1. —k
k= q(wy™)

DFT:
« Polynomial p(x) = ag + a;x + -+ + a,_x" 1

Vi = p(wf)
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DFT and Inverse DFT

_ 1
q(x) =yo +y1x + o+ yu ™ ap =~ qwg”):

Therefore:
(ao, Aq, o, Ay 1)

( (wﬁo)»CI(wﬁl),q(sz), ,q( —(n- 1)))
(4

(wp), q(w™), q(07™?), ..., q(wp))

lBIr—\ :Ir—*

Recall:

-
DFT, () = (q(wp), a(wp), q(@}), .., q(w} )

=n-(Qp, An-1,An-2, -, A2, A1)

= ] \(

universitatfreiburg



DFT and Inverse DFT

 We have DFT,,(y) =n- (ag, an-1,05y-2, ..., A, 01):
(1

o (DFT,(3))o ifi =0
a; = < 1
ka ) (DFTn(y))n—i ifi # 0

« DFT and inverse DFT can both be computed using the FFT algorithm in O(nlogn) time.

« Hence, two polynomials of degree < n can be multiplied in time O(nlogn).
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Faster Multiplication of Polynomials

Observation: Multiplication is fast when using the point-value representation

ldea to compute p(x) - g(x) (for polynomials of degree < n):

p, q of degree n — 1, n coefficients

l Evaluation at points w3, w,,, ..., w511 using FFT in time O (nlogn)

2 X 2n point-value pairs (w’zcn,p(w’z‘n)) and (w’z‘n, q(w'z‘n))

l Point-wise multiplication in time O (n)

2n point-value pairs (w’z‘n,p(wé‘n) : q(w’z‘n))

l Interpolation using FFT intime O(nlogn)

S—

p(x)q(x) of degree 2n — 2, 2n — 1 coefficients
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Convolution

« More generally, the polynomial multiplication algorithm computes the convolution of two vectors:

a=(ayay .., an_1)
b = (by, by, ...,b,_1)

axb = (Co, C1y veny Cm+n—2):

where ¢}, = Z a;b;

(i,)):i+j=k
i<m,j<n

* ¢ is exactly the coefficient of x* in the product polynomial of the polynomials defined by the
coefficient vectors a and b
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More Applications of Convolutions

Signhal Processing Example:
« Assume a = (ay, ..., a,_1) represents a sequence of measurements over time
« Measurements might be noisy and have to be smoothed out

« Replace a; by weighted average of nearby last m and next m measurements
(e.q., @ussian smoothing):

i+m

1 .
= Z . Z aje_(l_])z

j=i—-m

—

RSN

« New vector a’ is the convolution of a and the weight vector

1 2 2 2 2
-m —(m-1 -1 -1 —-(m-1 -m
- * (e ’e ( ) , lll’e ’ 1’6 ’ lll’e ( ) ’e )

Z

Te—

« Might need to take care of boundary points...
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More Applications of Convolutions

Combining Histograms:
 Vectors a and b represent two histograms
* E.g., annual income of all men & annual income of all women

« Goal: Get new histogram c representing combined income of all possible pairs of men and women:

c=axb

Also, the DFT by itself has many other applications!
* e.g., in particular in signal processing when moving between time and frequency domain...
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