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Exercise 1: The Densest Subgraph (10 Points)

Let G = (V,E) be a graph, S ⊆ V , and E(S) := {{u, v} ∈ E | u, v ∈ S}. We define the density of

S ̸= ∅ to be den(S) := |E(S)|
|S| . In the densest subgraph problem, the goal is to find a subset S∗ ⊆ V that

maximizes the den(S), i.e., den(S∗) := max∅̸=S⊆V den(S). In this exercise, we will study a greedy
algorithm that gives a 1

2 -approximation to the problem.

Algorithm 1 Greedy Densest Subgraph ▷ input graph G = (V,E)

1: Let S := V
2: for i = n, ..., 1 do
3: Si := S
4: Find v ∈ S with minimum degree in G[S].
5: Delete v from S. ▷ i.e., S := S \ {v}
6: Compute index a = argmax1≤i≤n{den(Si)} ▷ find best set of S1, . . . , Sn

7: return Sa

Note that in every iteration exactly one node get deleted from S. We will therefore define deg(v) as
the degree of v when it gets deleted from S, that is, when it has minimum degree in the remaining
graph G[S].

(a) Show that for a node v ∈ V that get deleted in iteration i, it holds that (4 Points)

deg(v) ≤ 2 · den(Si)

(b) Let S∗ be an optimal solution to the problem. Show the following two inequalities:∑
u∈S∗

degG[S∗](u)

2
≤

∑
u∈S∗

deg(u) ≤ 2|S∗| · den(Sa)

Here degG[S∗] denotes the degree of node v in the graph induced by S∗. Sa is the set returned by
the algorithm (i.e., the set of maximal density among S1, S2, ..., Sn). (5 Points)

(c) Conclude that the algorithm computes a 1
2 -approximation to the problem. (1 Point)

Exercise 2: Partitioning into 3 large cuts (10 Points)

You are given the following optimization problem:

• Input: A graph G = (V,E),

• Solution: A partition of the set of the nodes into 3 sets, i.e., V = V1∪̇V2∪̇V3,

• Goal: Maximize |{{vi, vj} ∈ E|vi ∈ Vs, vj ∈ Vt, s ̸= t}|.
Design a 3/2-approximation algorithm. Prove that your algorithm terminates, is correct and gives the
3/2 approximation factor. Your algorithms runtime should be polynomial in the number of nodes (no
proof needed if obvious).


